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Abstract—Quality is a vital element in every field. In order to
compete among the competitors, the manufacturer or service
provider should produce or provide quality product or service.
However, before a product or service can be considered as
having an acceptable quality level, all the processes producing
the product (or providing the service) should be in-control. The

synthetic X chart consists of two sub-charts, i.e. the X /S

sub-chart and CRL/S sub-chart. The synthetic X chart is used
to detect shifts in the process mean. In this paper, we study the
percentage points (percentiles) of the run length distribution of

the synthetic X chart so as to provide practitioners with a
more complete understanding of the behaviour of the chart,
instead of the sole dependence on the average run length (ARL).

Index Terms—Average run length (ARL), conforming run
length (CRL), run length distribution, synthetic X chart.

. INTRODUCTION

Quality is an important element for a consumer when
choosing among competing products or services. A quality
product or service reduces problems that it may pose to a
consumer. The concept of quality is widely implemented in
modern industries and services. In general, a consumer will
consider a product or service to be of good quality when the
characteristics of the product or service can satisfy his/her
needs or requirements. Apart from this, a quality product or
service must perform its intended function properly.

In reality, no process can be in a stable condition forever.
Hence, statistical process control (SPC) needs to be
implemented. SPC is a collection of problem-solving tools
that are used in achieving stability and improving capability
through the reduction of variability in a process. Among the
SPC tools, a control chart is the most powerful tool to control
the quality of a process and improve the quality of products
or services. Control charts enable us to investigate whether a
process is stable or not. Once a process is stable, the
performance of the process will be evaluated and eventually
process improvement can be carried out.

The Shewhart X chart or simply the X chart was
proposed by Walter A. Shewhart. It is used to monitor the
stability and performance of the process mean. It is known

thatthe X chart can quickly detect large shifts in the process
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mean. However, it is insensitive to small and moderate mean

shifts. This is because the X chart uses only the most recent
sample to decide whether a process is in-control or
out-of-control.

The conforming run length (CRL) chart was first
introduced by [1]. The CRL chart is an attributes chart to
detect shifts in the fraction non-conforming, p. The CRL
chart determines whether a process is in-control or not, based
on the number of conforming units between two
non-conforming units. Therefore, an attributes chart is
simpler for process monitoring than a variables chart. Due to
this advantage, the CRL chart is studied by many researchers,
for example [2], [3].

A CRL value is the number of conforming units between
two non-conforming units, including the ending
non-conforming unit. This chart works based on the idea that
the distribution of the CRL changes with p, where the CRL
decreases as p increases and the CRL increases as p
decreases.

The idea to use the percentage points of the run length
distribution to assess a chart's performance was introduced
by [4], [5], even though it is easier to use the average run
length (ARL) to study a chart's performance compared to a
study of the entire run length distribution.

According to [6], the run length distribution is skewed to
the right and it follows a geometric distribution. Thus, the
entire run length distribution should be studied as it provides
useful information regarding the performance of a control
chart. A study of the run length distribution of a chart
provides a complete understanding on the behavior of a
process. In conjunction with this, [7] published tables of the
percentage points of the run length distribution for the
Shewhart chart with supplementary rules.

The run length distribution is characterized by the
percentage points (percentiles) of its distribution, such as the
median. The percentage points are more informative than the
ARL, which are explained as follows. First, the lower
percentage points of the run length distribution when the
process is in-control give information about the early false
alarm rates. Second, a detailed study of the percentage points
provides vital information about the spread of the run length
distribution.

The organization of this paper hereafter is as follows:
Section II reviews the synthetic X chart charting procedure.
Optimal design of the synthetic X chart and its performance
are discussed in Section Ill. Section IV discusses the results
and findings of this research. Finally, conclusions are drawn
in Section V.
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II. THE SYNTHETIC X CHART

The synthetic X chart is a combination of the X /S
sub-chart and the conforming run length (CRL) sub-chart.
The synthetic X chart was suggested by [8]. Costa and
Rahim [9] stated that an increased interest in researching on
the synthetic X chart, compared to other types of charts,
may be due to the fact that an analyst prefers waiting until the
presence of a second point falling outside the control limits
before taking action to investigate the assignable causes.

The X /S sub-chart contains two control limits, i.e. the
lower control limit (LCL ) and the upper control limit

(UCLy, ) - [10] Castagliola and Khoo [10] noted that CRL

is the number of inspected sample points between two
consecutive  non-conforming  ones, including the
non-conforming point at the end. The CRL/S sub-chart only
has one control limit, i.e. the lower limit, denoted as L, where
L is a positive integer. According to [11] when L increases,
the synthetic X chart behaves approximately like the usual
Shewhart X chart.

Wu and Spedding [8] showed that the synthetic X chart is
quicker in detecting small mean shifts compared to the
Shewhart X chart. In addition, [8] also pointed out that the
synthetic X chart is less effective than the Exponentially
Weighted Moving Average (EWMA) chart in detecting small
shifts. However, it is usually not advisable to detect very
small shifts in a process to avoid too frequent process
interruption. According to [8], the control limits for the X /S
sub-chart are as follows:

LCLy s = 1t —k% @
Clys =14 )
UCL, = 4 + k% @)

where k controls the width of the limits. To construct the
synthetic X chart, first a sample of size n is taken and the

sample mean is computed and denoted as X
If LCL,, <X <UCL, the sample is considered as

Xis = Xis !
conforming, otherwise the sample is non-conforming. The
lower control limit of the CRL/S sub-chart is set as L, where
L is an integer. The number of samples between the present
and last non-conforming sample is counted and is taken as the
CRL value. Then if CRL> L, the process is classified as
in-control, otherwise the process is out-of-control.

It is worth noting that if a sample point X plots beyond
the limits of the X /S sub-chart, we cannot immediately
conclude that the process is out-of-control. Instead, it just
indicates that a non-conforming sample exists.

[11. OPTIMAL DESIGN OF THE SYNTHETIC X CHART

An optimal design of the synthetic X chart aims at
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finding a set of optimal parameters that will minimize ARL,
when ARL, is fixed at a desired value. For the synthetic X

chart, there are two optimal parameters, i.e. L (lower control
limit of the CRL/S sub-chart) and k (control limits constant of
the X /S sub-chart) that must be determined using the
Mathematica program.

The user needs to specify the sample size, n, size of
optimal shift of interest, 5, and desired in-control ARL,
ARL, before the computation of optimal L and k values can
be made. However, the target values of x and o need not be
specified since they are not required in the computation of the
optimal L and k values.

In the simulation study using the Mathematica program
simulated by computer, n=3, 5, 7and 10 are chosen. &,
is set as 1, while ARL, is fixed as 370. The optimization
procedure works by first initializing L as 1. Therefore, L is

the only independent design variable. Then the value of k is
computed using (4)

1 1

x — = ARLO,{POexact1,1x10°} (4)
POexactl 1—(1— POexactl)

where POexactl =2d(—k) . In this syntax, L is the

independent design variable, which means that we can fix the
value of L. In this program, L is initialized as 1. Then L is
increased incrementally by one, starting from one until fifty.
From the fifty pairs of (L, k) and their corresponding ARL,

values, the pair that produces the smallest ARL, is taken as
the optimal pair. It is very likely that the smallest ARL, is
obtained by the time L=50.

The ARL, value can be computed from any (L, k) pair
using the following syntax:

1 1

, 5
Pdelta 1—(L— Pdelta)" ®)

ARLdelta =

where Pdelta is the power of the X /S sub-chart and
Pdelta can be obtained by solving the following equation in
the Mathematica program:

Pdelta =1-CDF LNormaI [O,l],k—cS\/HJ ©)
+ CDF [ Normal [0,1],—k—5\/ﬁ]

After finding the optimal parameters, L and k, we can
proceed to find the percentage points (percentiles) of the run
length distribution using the Statistical Analysis System
(SAS) program. Since the run length distribution is highly
skewed, examining the entire run length distribution provides
a better understanding about a chart's performance.

The simulation study considers both increasing and
decreasing shifts in the mean. An increasing shift occurs
when the mean of the underlying process increases from

to x4, +o, while a decreasing shift occurs when the mean
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decreases from g, to w4, —dc .

In this study, n € {3, 5,7, 10} and ¢ € {0, 0.25, 0.5, 0.75,
1, 1.5, 2, 2.5, 3} are considered. The percentage points of
the run length distribution for the synthetic X chart are
computed based on 50000 simulation trials. The percentage
points of the run length distribution for the in-control and
out-of control processes are computed for the 0.1™, 1, 5™,
10™, 20", 30™, 40", 50™, 60", 70", 80" and 90" percentiles.
The underlying process is assumed to follow a normal
distribution.

A SAS program is written to compute the percentage
points of the run length distribution for the synthetic X
chart. Here, mu0 = 0 and sigma = 1 are used in the program,
where muO and sigma represent g, and o, respectively.
Four parameters are specified in this SAS program. They
are 6, n, Landk. The L and k values are computed by the
Mathematica program mentioned above. In SAS, the
following equations give the lower and upper control
limits of the X /S sub-chart:

LCL = mu0—k*sigma/sqrt(n) , @)
LCL = muO+k *sigma/sqrt(n) . (8)

Note that the values of the random variable X, which
follows a normal distribution are generated as follows:

X = delta +sigma*rannor(33333) , 9

where 33333 is a random seed used in the program. A
random seed value is used to generate a series of random
numbers. The in-control observations are generated by
setting delta = 0, while the out-of-control observations are
simulated by letting delta= ¢, where 6 >0.

IV. RESULTS AND FINDINGS

Table | shows the optimal parameters computed
using the Mathematica program, for sample sizesn =3, 5,
7 and 10. From Table 1, it is observed that as the sample
size n increases, the corresponding values of the
optimal parameters, L and k decrease.

TABLE I: OPTIMAL DESIGN PARAMETERS

n L k

3 6 229367
5 4 221855
7 3 216382
10 2 2.08459

After obtaining the optimal parameters, the SAS program
is used to compute the percentage points of the run length
distribution of the synthetic X chart. Tables II, 111, IV and V
give the percentage points forn € {3, 5, 7, 10}.

From Table Il to Table V, it is observed that when the
process is in-control, i.e. & = 0, the value of ARL, = 370
falls between the 60" and 70" percentiles of the run length
distribution. This shows that the in-control run length
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distribution of the synthetic X chart is skewed to the right.
These tables also show that the skewness of the run length
distribution decreases with an increase in the magnitude of the
shift 6. This indicates that the skewness of the run length
distribution changes with the magnitude of the shift, hence
interpretation of a chart's performance based solely on ARL is
insufficient. Instead, studying a chart's performance based on
the percentiles of the run length distribution give more
meaningful interpretation and is easier to understand.

TABLE Il: SIMULATION RESULTS FOR THE SYNTHETIC X
n=3, L=6, k=229367
Percentage points of the run length distribution (%)

CHART WHEN

0

01 1 5 10 20 30 40 50 60 70 80 90
000 1 1 3 5 47 102 166 240 333 451 617 902
025 1 1 2 3 12 35 62 95 134 185 257 380
05 1 1 1 2 3 5 10 18 28 41 58 88
07 1 1 1 1 2 3 3 4 6 11 16 25
100 1 1 11 1 2 2 3 3 4 5 10
10 1 1 1 1 1 1 1 2 2 3 3 4
200 1 111 1 1 1 1 1 2 2 3
260 1 1 1 1 1 1 1 1 1 1 1 2
30 12 1 11 1 1 1 1 1 1 1 1

TABLE I1I: SIMULATION RESULTS FOR THE SYNTHETIC X CHART WHEN
n=5, L=4, k=2.21855
Percentage points of the run length distribution (%)

4 01 1 5 10 20 30 40 50 60 70 80 90
000 1 1 2 4 54 108 170 244 334 451 615 895
025 1 1 1 3 8 24 43 65 91 126 174 257
05 1 1 1 1 2 3 4 9 13 20 29 44
75 1 1 11 1 2 2 2 3 4 7 1
100 12 1 11 1 1 1 1 2 2 3 4
10 1 1 1 1 1 1 1 1 1 1 1 2
200 1 111 1 1 1 1 1 1 1 1
260 1 1 1 1 1 1 1 1 1 1 1 1
300 1 1 1 1 1 1 1 1 1 1 1 1

TABLE IV: SIMULATION RESULTS FOR THE SYNTHETIC X CHART WHEN
n=7,L=3, k=216382
Percentage points of the run length distribution (%)

0

01 1 5 10 20 30 40 50 60 70 80 90
000 1 1 2 10 57 110 171 244 333 450 613 890
025 1 1 1 2 6 18 31 47 67 92 128 189
050 1 1 11 2 2 3 5 8 12 17 27
5 1 1 11 1 1 1 2 2 3 3 7
100 1 1 11 1 1 1 1 1 2 2 2
10 1 1 1 1 1 1 1 1 1 1 1 1
200 1. 1121 1 1 1 1 1 1 1 1
20 1 1 1 1 1 1 1 1 1 1 1 1
30 1 1 11 1 1 1 1 1 1 1 1

TABLE V: SIMULATION RESULTS FOR THE SYNTHETIC X
n=10, L=2 , k=2.08459
Percentage points of the run length distribution (%)

CHART WHEN

4 01 1 5 10 20 30 40 50 60 70 80 90
000 1 1 2 15 62 115 176 248 337 451 610 884
025 1 1 1 1 5 13 22 33 47 64 89 131
050 1 1 1 1 1 1 2 2 5 7 10 16
s 1 1 11 1 1 1 1 1 2 2 4
100 12 1 11 1 1 1 1 1 1 1 2
10 1 1 1 1 1 1 1 1 1 1 1 1
200 1 1 11 1 1 1 1 1 1 1 1
260 1 1 1 1 1 1 1 1 1 1 1 1
30 12 1 11 1 1 1 1 1 1 1 1

In addition, the lower percentage points of the run length
distribution, for the in-control process, such as the 5", 10",
and 20" percentiles provide information about the early false
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alarm rates. For example, based on Table II, we can conclude
that there is a 10% chance that a false out-of-control signal
will occur by the 5™ sample point, given that the process is
in-control. The higher percentage points of the run length
distribution enable practitioners to state with a high probability,
that an out-of-control will be signaled by a certain sample point,
when the process shifts by a certain magnitude. From Table 11,
when a process shifts by a magnitude, say & = 0.5, one can
state with a probability of 0.9 that this shift will be detected
by the 88" sample point.

V. CONCLUSIONS

The results from the SAS program show that when the
process is in-control, the in-control ARL falls between the
60" and 70™ percentiles of the run length distribution, i.e. the
difference between the in-control ARL and in-control median
run length (MRL) (50" percentiles of the run length
distribution for the in-control case) is somewhat large.
However, as the magnitude of the shift increases, the
out-of-control ARL becomes closer to the out-of-control
MRL. This shows that the in-control run length distribution is
more rightly skewed compared to the out-of-control run
length distribution. Furthermore, the skewness of the run
length distribution decreases with the magnitude of the shift.
Thus, a more meaningful interpretation and analysis of the
synthetic chart's performance can be made via a study of the
percentage points of its run length distribution and not merely
based on the ARL.
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