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Rigorous Bounds on Greybody Factors: Scalar Emission
of Negative Angular Momentum Modes from Myers-Perry
Black Holes
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Abstract—When taking into account the quantum effects, a
black hole can emit the so-called Hawking radiation. This
Hawking radiation propagates in a curved spacetime due to the
presence of a black hole. In this paper, the Myers-Perry black
hole is considered, which is an uncharged, rotating black hole
occurring in higher dimensions. Scalar Hawking radiation
emitted from the Myers-Perry black hole is studied. The
rigorous bounds on the greybody factors for massless scalar
field of negative-angular-momentum modes are also derived.

Index Terms—Greybody factor, radiation,
myers-perry black hole, rigorous bound.
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I. INTRODUCTION

The existence of black holes has been predicted by
Einstein's general theory of relativity. The first solutions of
the Einstein's field equation were discovered by Karl
Schwarzschild. His solutions predicted the presence of
Schwarzschild black holes, which are the uncharged,
non-rotating black holes. The second type of black hole was
obtained by solving the Einstein's field equation in
conjunction with Maxwell's equation. This was done by Hans
Reissner and Gunnar Nordstrém . Their solutions represented
the Reissner- Nordstrom black holes, which are the charged,
non-rotating black holes. The third set of solutions of the
Einstein's field equation was discovered by Roy Kerr [1]. His
solutions described the Kerr black holes, which are the
uncharged, rotating black holes. The Kerr solutions were

generalized to higher dimensions by Myers and Perry [2], [3].

Their results led to the prediction of Myers-Perry black holes,
which are the uncharged, rotating black holes in higher
dimensions.

When studying the quantum effects of black holes,
Stephen Hawking showed that black holes can emit thermal
radiation which became known as Hawking radiation [4].
The curvature of spacetime due to the presence of a black
hole acts as the gravitational potential barrier. The scattering
of Hawking radiation from this potential can be viewed as
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one-dimensional scattering problem in quantum mechanics.
The term ‘greybody factor’ can be defined as the
transmission probability.

In this paper, the rigorous bounds on the greybody factors
for massless scalar field of negative-angular-momentum
modes emitted from a Myers-Perry black hole will be
derived.

Il. MYERS-PERRY SPACETIME
The Myers-Perry spacetime can be described by the metric

(2], [3], [3]

ds* = —dt* + %dr2 +2d@* +(r* +a*)sin® 0d g’

+ ﬁz (dt —asin® 8dp)’ +r* cos® 0dQ . (1)
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where

A:r2+a2—% and X=r"+a’cos’ 6. )
r

Here in is the metric on the unit n-sphere S" which is
given by

a0t =([ T sin’6,)d6;- ®3)

The solutions of A(r)=0 provide the location of the

black hole event horizons. In this paper, we focus on
massless scalar field emitted from the Myers-Perry black hole.
The equation of motion of this scalar field can be described
by the Klein-Gordon equation

0.(V-99* 0,0)=0, @)
where
@=(Zsin0)><(r" cos” 9)x[ﬁsin"’0ij. (5)

This Klein-Gordon equation governs how the scalar field
@ propagates in the Myers-Perry background. We use the
separation of variables in this form
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(t,r,0,0,0,,...,0.)

=e ™R (1)S,,(0)Y,(6,...0), ()

where S, (0)e"™” are the spheroidal harmonics and
Y,(6,,...,6,) are the hyper-spherical harmonics. The

mjz
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sinéd

spheroidal harmonics satisfy

1 i siné’cos”@i -
do

sin@cos" @ db

jj+n-1)
—W+lﬂm}5m(6’)=0 (7)
while the hyper-spherical harmonics satisfy
ALY, (6,,...0)+j(j+n-1)Y,(6,,....6,)=0, (8)

where A, is the Laplacian. Then, the radial Teukolsky

equation is obtained [6]-[8]

dZ
L - Uﬂm(r)}Rﬂm(r) 0 ©)
where the tortoise coordinate r, is defined by
r’+a
dr. = dr . (10)
A(r)

The relationship between the tortoise coordinate and the
ordinary coordinate is plotted as shown in Fig. 1.
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Fig. 1. Tortoise coordinate as a function of ordinary coordinate.

Here the Teukolsky potential Ujm(r) is given by [5]

U~ A(r) 2 { - JG+ n- a®  nln- 23A(r)
(r2 +ad° ) r 4r
LA 3riA() [rA(r)] }_ (0-mo), (1)
2r  (r'+ az) r’ +a’
where
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a (12)

a = .
r’+a*

This Teukolsky potential can be expressed in another form
as

Uﬂm (r)= ]fm(r) —(a)—mw)z , (13)
where
ﬂm( )—L){iﬂm i Jjj+ nz— 1)02 . n(n—ng(r)
( o az) r 4r
+nA'(r) B SZZA(;") [rA(r)] } 1)
2r  (r'+a’) r'+ad

The potential V,, (r) is plotted as shown in Fig. 2 for five

and six dimensions which correspond to n = 1 and n = 2,
respectively.
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Fig. 2. The potential v, (r) forn=1andn=2.

I1l. RIGOROUS BOUNDS ON GREYBODY FACTORS

We can model the scattering of the massless scalar field
from the Teukolsky potential as one-dimensional scattering
problem in quantum mechanics. The term ‘greybody factor’
in black hole systems can be defined as the ‘transmission
probability’. In general situations, finding exact greybody
factors is difficult due to complicated potentials. Therefore,
in this paper, some rigorous bounds will be placed on
greybody factors. These bounds were first developed in [9].
Their further developments can be found in [10]-[13] and
their applications can be found in [14]-[19]. For the radial
Teukolsky equatlon in (9), the rigorous bounds on the
greybody factors are given by

(r)+h(r.
2h(r.)

T. >sech? J.‘U](m r. |,(15)

jtm

for any positive functions h(r.). In this paper, we choose

h(r.)=h(r)=w—ma(r), (16)
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where m < 0. In this case, we obtain

E'(,;):Z’"LA(?>0. (17)
(r2+a2)
Then, we obtain the first integral
j'hfr*)'dr* 1y, o) “Yha-m/my. @
° 2h(r.) 2 h(—oo) 2
where
10} a
m=—:.,Q, = , (19)
Q, " d+r?

and ry is the event horizon radius Since w-mQ, >
h(r)> @, we have an inequality

U +H(r <
e 2h(r) h(r)
Using (14), we can write
T Vf(m<0 :i T A(r) Y + ](] +n —1)612
J 207 20 ,Oo(rz +d* )2 ym<o r’
N n(n —ZzA(r) N nA (r)
4r 2r
_ 3riA(n) [rA(r)] (21)
(r’ + az) r’ +a*
Using (10), we can change the variable r, tor
0 V o0 o _ 2
J‘ jtm<0 _ij' A(r) | A + JU +n2 1)a
J 2w 20" (r " 2) ! r
N n(n —22A(r) N nA (r)
4r 2r
2 ! 2 2
B 3: A(:)2 N [rZA(r)z] r'+a dr. (22)
(r'+a’) r°+a A1)
The above equation can be simplified to
% 1% 1 j(j+n-1)d’
im0 g — = A A
L 20 20; r* +d* { Jim<0 r
N n(n —22A(r) N nA (r)
4r 2r
_ 3r’A(n) N [rA(r)] (23)
(r*+a*y r*+ad
Therefore,
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1 1
Tj(,m<0 ZseChz |:Eln(1_m/m*)+ﬂlj(,m<0:|’ (24)
H
where
n(2n-3) .. a
L, ,=———+j(j+n-1)+—5——
jlm<0 8 ](] ) 4(}"2 +a2)
2
+( n+1 - Jjj+n-1)+ ][m(aa))jriarctani
a ry
n(r} +a* n+2 n+4 a
+”—2)2F1 IR S (25)
8r;, 2 2 r,

Here the hypergeometric function ,Fy(a, b, ¢, z) is defined
by

)u(b), Z"
(c), n!

JF.(a,b,c,2)= Z(“ (26)

n=0

The bounds on the greybody factors are plotted as shown
in Fig. 3.
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Fig. 3. The bounds on the greybody factors forn=1and n = 2.

In the limit >0 and n=j=0, the quantity |

Jjlm<0

reduces to

I (27)

j=0,(,m<0 j=0,(,m<0 ’

=1+ﬂ
2
which is the result for the Schwarzschild black hole [14].

IV. CONCLUSION

In this paper, the rigorous bounds on the greybody factors
for massless scalar field of negative-angular-momentum
modes emitted from the Myers-Perry black hole have been
established. To obtain these bounds, the appropriate function
h(r<) has been chosen. The number of dimensions of
spacetime, the angular momentum of the black holes, and the
mass of the black hole have been determined to have effects
on these bounds. Note that for n = 0, these bounds reduce to
bounds for Kerr black holes. For outlook, we can choose
other forms of h(r«) in order to derive better bounds.
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