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Abstract—A five degree of freedom (DOF) parallel robot 

manipulator is proposed in this paper. Kinematics, workspace 

and dexterity performance of the 5-SPS-UPU parallel robot 

manipulator were systematically deduced. The proposed 

mechanism with two rotations and three translations includes 

the fixed platform, five identical legs, a passive-constrained leg, 

the moving platform and some joints. First the inverse of 

kinematics and Jacobian matrix was derived by using the 

coordinate transformation theory and differentiation method. 

Second the workspace of the novel robot is analyzed by the 

boundary search method through the software. A numerical 

analysis of the variation of posture and position workspace of 

the robot is presented. Third the dexterity performance of the 

proposed manipulator has been analyzed, and the best kinematic 

dexterity is 1.1. The analytic results show that the robot 

mentioned in this paper has a large effective workspace and 

dexterity, which can be widely employed in the field of 

industrial robots. 

 
Index Terms—Parallel manipulator, kinematics analysis, 

workspace, dexterity.  

 

I. INTRODUCTION 

As is known to all, integrated manufacturing technology 

highly relies on the development of higher performance 

robotic system. Compared with serial robots, the parallel 

manipulator has different potential advantages, including high 

stiffness, high accuracy and high loading capacities. However, 

the workspace of the parallel manipulator is relatively low. So 

it is necessary to research the workspace in the engineering 

application. Evaluation and optimization of the kinematics 

performance is the basic parallel robot structure design, driver 

selection and control mechanism. With the increasing 

application of parallel robot manipulator such as machine 

tools, simulators, cutting and welding machines as well as 

CNC machines has aroused general attention [1], [2]. At 

present, the optimization design of parallel manipulator are 

mainly concentrated on the workspace, dexterity, accuracy, 

stiffness and bearing capacity etc., the dexterous workspace 

are the most important kinematics performance index widely 

used to evaluate the kinematics accuracy. Recently, many 

scholars have studied on the five degrees of freedom parallel 

manipulators, such as Wang [3] analyzed the kinematics of a 
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novel 4-SPS-CU parallel manipulator; Chen [4] studied the 

dexterity of the 4-UPS-UPU parallel manipulator by using the 

mean and variance, the global stiffness of the 5-UPS-CUU 

parallel was optimized by Zhang [5]. Kinematics performance 

on 5-DOF parallel manipulator 4SPS+RPS and 5SPS-UPU 

was analyzed and isotropic of the mechanism was designed by 

Lu [6]. Fu [7]studied the workspace of the novel three–leg six 

DOF parallel manipulator (TLPM) in detail, later they drawn 

the workspace and concluded that the robot has a large 

effective workspace with smooth boundary and can be widely 

applied in the field of industrial robots. Nowadays, most of 

the workspace research is concentrated on the robot’s 

structure size and constraint conditions to search the 

workspace, which is achieved by the inverse solution of the 

kinematic equation in general [8]. 

Dexterity is one of the most important performances of 

parallel kinematic machines. Meanwhile, dimensional 

optimization is to improve the performance of a mechanical 

robotic system and is an important procedure of parallel 

manipulators from their schematic diagram to the structural 

design, in which two challenging issues associated with 

kinematic performance index and optimal design method are 

involved [9]. Therefore, it is quite necessary to perform the 

dexterity analysis and to conduct optimal design of the 

parallel kinematic machines in the early design stage. The 

determinant and condition number of Jacobian matrix have 

been widely used in performance evaluation and optimal 

design of parallel manipulators [10], [11]. Yet, Rezania et al. 

[12] pointed out that the unit inconsistent problem arises 

when these indices are applied to parallel manipulators with 

mixed DOFs of translations and rotations. Apart from the 

kinematic performance index associated with Jacobian matrix, 

some efforts were made to evaluate the motion or force 

transmissibility using screw theory [13]. Tsai [14] defined the 

virtual coefficient between the transmission wrench screw and 

the input velocity screw, while Wu et.al [15] proposed the 

input or output transmission index and dealt with kinematic 

evaluations of a 3-DOF parallel manipulator successfully. 

In what follows, a new parallel manipulator that can 

generate three translations degrees of freedom and two 

rotations degrees of freedom is constructed. Its kinematic 

model and mathematical model are established and the 

Jacobian matrix is derived by the differential method. The 

workspace as one of the most important index of the parallel 

manipulator is computed considering the link length and 

angle constraints on the basis of the inverse solution of the 

kinematics. At last, the workspace of different orientation was 

drawn through the software MATLAB. We focus on the 

submatrix of the Jacobian matrix and adopt the dexterity 

performance index to solve the problem of units 
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non-homogeneous. 

 

II. KINEMATICS ANALYSIS 

A. Structure of the Parallel Manipulator 

In this work, the proposed 5-DOF parallel robot 

manipulator, illustrated Fig.1, is composed of five variable 

active legs (SPS) with identical topology and one constraint 

passive leg (UPU) which connect the base to the moving 

platform [16]. The 5SPS-UPU mechanism interconnection 

between the moving platform and the fixed base, which S 

stands for spherical joint and U stands for Hooke joint, and P 

for the prismatic pair which is actuated independently. The 

middle leg is used to constrain the motion of the moving 

platform to only five degrees of freedom. The points pairs 

attached to the moving platform and the fixed platform are 

denoted by
1A , 

2A , 
3A , 

4A , 
5A and

1B , 
2B , 

3B , 
4B , 

5B , 

respectively, link lengths are represented by
1l , 

2l , 
3l , 

4l , 
5l .  
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Fig. 1.  The schematic of 5SPS-UPU parallel manipulator. 

 

B. Freedom Analysis and Calculation 

The structure of 5SPS-UPU parallel manipulator is shown 

in Fig.1. In order to enumerate the possibility, the 

Chebychev-Grübler-Kutzbach criterion is applied.A 

preliminary evaluation of the mobility of a kinematic chain 

can be found from the Chebychev-Grübler-Kutzbach formula 

[17]. 

 

1

=d( 1)
g

i

i

F n g f 


                          (1)  

where,  

F :  Spatial mechanism freedom; 

n : The number of parts  

g : The number of kinemics pairs 

if : Freedom of each pair 

 : The local freedom of mechanism 

In this mechanism, the influence of the local freedom was 

eliminated due to the replacement of two spherical joints, 

which was completely equivalent with the branch UPS. 

According to the calculation formula, 

6d  , 14n  , 18g  ,
1

40
g

i

i

f


 , 5   

So the freedom F of the mechanism is equal to 5, that is, 

three transitional motion along X , Y and Z axes, and two 

orientations about X and Y axes, i.e., roll , pitch  , 

respectively. 

C. Inverse kinematics and Jacobian Analysis 

The kinematic structure of the proposed 5-DOF parallel 

robotic manipulator as shown in Fig.1. Suppose that the 

center of the S joint located on the base and on the platform 

are located on the circles with radius
ar and

br respectively. A 

fixed coordinated frame O XYZ is attached to the base 

center O  and a moving coordinate frame p xyz is attached 

on the platform. x axis point to
1A and X axis point to the

1B . 

Spherical joints were uniformly distributed. 

The position vectors of
iA points are expressed in the 

moving coordinate frame as the following: 

 

 0
Tp

i a i iA r c s  ,
( 1)2

5
i

i 



 , 1,2,3,4,5i   

(2) 

 

where, s and c present sine and cosine, 

respectively,  represents the angle between 
iOA and the 

positive direction of x axis, 

Similarly, the position vectors of points
iB are expressed in 

the reference frame as the following: 

 

 0
TO

i b i iB r c s  ,
( 1)2

5
i

i 



 , 1,2,3,4,5i    (3) 

 

where,  represents the angle between
iOB and the positive 

direction of X axis, 

The position vectors of points 
iA  are expressed in 

reference coordinate frame as the following: 

O p

i iA p Q A                                (4) 

where, position vector in the reference coordinate frame of the 

reference point p  for the platform is  
T

x y z , Q  is the 

rotation matrix from the moving coordinate frame to the fix 

reference frame, which can be presented as. 

0

c s s c s

Q c s

s s c c c

    

 

    

 
 

 
 
  

                      (5) 

For 
22 2O O

i i i i iA B A B l                   (6) 

From the definition of the vector model, we can get the 

equation: 

2 ( , , , , )il x y z                    (7) 

When the structure parameters ar 、 br are sure, if the pose 
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parameters ( , , , , )x y z   with respect to the platform are 

given, the driven chain lengths are obtained by the equation 

(6), that is, the inverse solution of kinematics position. 

Equation (7) of the time derivative can be rewritten as 

matrix form 

iBl A                                   (8) 

where, 

1 2 3 4 5
(2 ,2 ,2 ,2 ,2 )B diag l l l l l ,

i i i i il l l l l
A

x y z  

     
  

     
                 (9) 

The Jacobian matrix of the mechanism can be expressed as  

1
J B A


                                (10) 

Due to the linear velocity and angular velocity are different 

dimensions, the Jacobian matrix can be decomposed into 

 

 J J J                               (11) 

 

III. WORKSPACE ANALYSIS 

The workspace is the set of all points where the reference 

point of the moving platform can achieve in the space, which 

is the area of the robot manipulator, and is a pretty important 

index to measure the performance of the parallel manipulator.   

Research on the workspace can be classified into two types, 

one is to search the position reachable workspace with 

constant orientation, the other is the dexterous workspace, 

owing to the middle branch restricts the rotation around z axis; 

the mechanism didn’t have dexterous workspace. In this paper, 

we choose the constant orientation workspace. There are 

several methods, such as geometrical, analytical and 

numerical and so on, to analyze the workspace of the parallel 

robot manipulator. In this section, we research the workspace 

of the 5-SPS-UPU parallel manipulator based on the 

numerical method that is Monte Carlo simulation by the 

boundary search method. 

It is particularly important to notice that, we should 

consider workspace during the design of the mechanism 

which determines the size of the parallel manipulator 

operating range actuator. And it is the foundation for the 

subsequent optimization. The workspace of parallel 

manipulator is mainly restricted by driven chains and 

constraint chain, as well angle constraints.  

A. Design Constraints Condition 

According to the structure characteristics, there are mainly 

two factors effect on its size and shape. 

(1) The link length restriction: the link length is constrained 

by its structure and its constraint can be expressed by: 

min maxil l l                                    (12) 

(2) Joint angel constraints: the links are generally attached 

to the moving platform by ball joints and to the fixed platform 

by ball joints which are equal to U joints. A ball joint is free to 

rotate about every axes, however, in practice, the moving 

platform is restricted by the physical construction of the 

geometry relation. 

The angle, , between the link and the z-axis of the fixed 

platform is used to the angle limitation of spherical joints, 

which can be described as(see Fig.2): 

maxarccos( )i

bi s

i

l eb

l
 


                       (13) 

Similarly, for the S joints in the moving platform the 

rotational angel is computed by: 

maxarccos( )i

ai s

i

l ea

l
 


                      (14) 

where, ea , eb  is the unit vector along the z axis. 
maxs  is the 

maximum allowable rotational angels of the ball joints. 

ai

bi

ea

eb

il

 
Fig. 2. Joint rotational constraints. 

 

B. The Search Process 

According to the above description, the research process of 

the workspace can be proceeded through the flow chart below 

(Fig. 3).  

Start

Parameters intilizaiton

Set the search range

The position inverse solution

Judge the constraint condition

Surf(x,y,z)

End

Y

N

 
Fig. 3.  Flow chart of searching workspace. 

IV. NUMERICAL RESULTS OF THE WORKSPACE ANALYSIS  

For illustration of the workspace of the robot presented in 

this paper, the numerical solutions are calculated to analyze 

the characteristic of the robot. We set the parameters values of 

the mechanism are as follows (units: mm and radian): 

50ar  , 150br  , min 50l  , max 250l  ,
max max

4
s u


   . 

The search space of the workspace is 200 200x ，
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200 200y , 100 200z ，the first case: 0   , the 

second case: 0  , 5  , the third case: 5   . This 

workspace of the parallel manipulator in different orientation 

are illustrated in Fig. 4, Fig. 5 and Fig.  6. 

 
Fig. 4. Workspace of the parallel manipulator in orientation of 

(0,0) degree. 

 

 
Fig. 5. Workspace of the parallel manipulator in orientation of 

(0,5) degree 

 

 
Fig. 6. Workspace of the parallel manipulator in orientation of 

(5,5) degree. 

 

The figures in different pose are sought by programming of 

the software MATLAB that is convenient and easy 

visualization of the calculation results. Form the figure above, 

we can see that the shape of the workspace is substantially 

similar to ellipsoid due to the limitation of the constraint 

conditions and the position workspace of the mechanism 

achieve largest when the roll angel 0  and pitch 

angle 0  . 

 

V. THE DEXTERITY ANALYSIS AND THE CASES 

A. Dexterity description 

When the parallel manipulator is close to a singular potion, 

the relation between output and input is highly-nonlinear. In 

order to describe the degree of movement distortion, 

kinematic dexterity index is introduced. For pure translation 

and rotation parallel manipulator, we can use the invers of the 

condition number of Jacobian matrix to describe the 

kinematic local dexterity, and the condition number of 

Jacobian matrix is used to measure the dexterity, which can be 

expressed as follows [18-19]: 

MAX
c

MIN




J , 1 cJ                       (15) 

where
MAX and

MIN are the maximum and minimum singular 

eigenvalues of matrix J, respectively. 

The condition number is in the range 1, , when the 

condition number reaches the minimum value 1, the parallel 

manipulator is called kinematic isotropy, and it has the best 

kinematic transmission performance; when it close to infinity, 

the parallel manipulator is in the singular position. 

B. Case Analysis and Discussion 

 
Fig. 7. Distribution of dexterity in different position. 

 

Fig. 7 illustrates the distribution of the condition number 

under ideal workspace. Utilizing the results of calculation, the 

contour distribution of the condition number in the reachable 

workspace with consideration of the limit of the actuators 

stroke and rotational joint angle is evaluated and in Fig.7. 

From the Fig.7, we can see that the best kinematic dexterity is 

Jc=1.1. While the range of the kinematic dexterity is (1.1, 2.2). 

the workspace can be selected as the optimum task region. In 

the range of dexterity, with the position increasing, the 

condition number gradually raised, indicating the dexterity 

of the parallel manipulator is getting worse. However, in 

the search space, the range of the condition number varies 

between 1.2 and 2.2, and is far away from the ill condition 

region, indicating that the parallel manipulator has no 

singular configuration in the ideal workspace, and has 

good kinematic dexterity in the whole reachable workspace. 

 

VI. CONCLUSIONS 

This paper develops a 5-DOF parallel manipulator design 

that aims to increase the workspace and dexterity of the 

mechanism. The main contributions of this paper are 

summarized as follows: 

(1) A novel parallel robot manipulator 5-SPS-UPU which 

can generate three degrees of freedom translations and two 

degrees of freedom rotation was studied. The kinematic 

model and mathematical model were also investigated and the 

International Journal of Engineering and Technology, Vol. 11, No. 1, February 2019

4



  

Jacobian matrix was deduced simultaneously. 

(2) A general approach named the boundary search method 

is developed to seek the position workspace of the proposed 

parallel manipulator based on the inverse solution.  

(3)The workspace of the parallel robot manipulator 

5SPS-UPU was generated in this work, and the best kinematic 

dexterity is 1.1, which not only has propitious basis for the 

application research design, but also is a good guide for the 

other similar parallel mechanism. For future works, a 

prototype will be manufactured and several relevant 

experiments will be conducted. 
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