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Computing Deformable Image Registration by Inverse
Multiquadric Demons Algorithm
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Abstract—Radiation therapy is the mainstay of cancer
treatment. However, significant weight loss and tumor
shrinkage during treatment could affect the medical outcome.
Advanced forms of adaptive radiotherapy use deformable
image registration (DIR) accounting for such anatomical
changes. Accurately defining the exact location and extent of the
target with respect to surrounding organs at risk are difficult
tasks. DIR model is commonly used as an alternative to measure
how the tumor changes in size and location. In this paper, a
reciprocal Multiquadric radial basis function approximation
method is incorporated with the Demons algorithm for solving
the DIR model. The proposed scheme could enhance the
accuracy and efficiency of the deformable image registration.
The numerical performance is compared with the classical DIR
Demons algorithms. The result demonstrated that the
combination of the reciprocal Multiquadric approximation and
the Demons algorithm is useful in image registration.

Index Terms—Deformable image registration, Demons

algorithm, radial basis functions.

[. INTRODUCTION

Cancer has been the leading cause of death over the last
decades. Majority of cancer patients are treated by the
external beam radiotherapy treatment. In order to inhibit the
tumor growth and minimize the side effects to the patient,
confining the treatment to the target region and avoiding
damage to healthy organs are important issues during the
treatment process. This can be done by Image Guided
Radiation Therapy (IGRT).

The basic deformable image registration (DIR) is an
optimization method used to delineate the clinically critical
objects in computed tomography image obtained during the
radiation treatment. The first deformable image registration
method was proposed by Broit [1] in 1981.

The study of DIR has last for more than 30 years in the
discipline of biomedical engineering. It has become an
important tool in radiotherapy treatment. Brain surgery and
neurosciences have been the driving applications for
developing an abundant number of techniques as discussed in
[2] and [3]. Despite the significant progress that has been made,
deformable registration remains a challenging problem in the
field of radiotherapy. The original DIR model was developed
to describe the diffusion of spatial transformation between the
profile of tumor at i treatment and the corresponding profile of
tumor at (i+1)™ treatment. The volumetric analysis and the
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positional changes of the tumor can be monitored and
adaptive medical strategies can be used during the course of
treatment. The DIR model is an ill-posed problem because
there is generally no unique solution to an image registration
problem. Image registration can be defined as finding the
function g in the mapping between two images I; and I, as
shown in (1).

Iz(x;J/) =9[11(x,)’)]. (1)

where [ is called the moving image and I,is called the static
image. The images I; and I, can be thought of as R? - R?
mappings from two dimensional coordinates to image
intensities. An example of 2D coordinates mapping system is
illustrated in Fig. 1.
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Fig. 1. [llustration of image registration mapping
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The DIR is modelled as a two-dimensional homogeneous
infinite elastic medium. It is assumed that external forces are
applied at every control point, where the strengths, directions
and influence areas of the forces as well as the positions of the
control points are considered.

The finite element method (FEM) and finite difference
method (FDM) have been an important tool in biomedical
engineering and commonly used to solve the DIR model.
Among the discretization methods, the techniques of FEM
have been demonstrated to be the best choice for solving
partial differential equations. However, the drawback of
FEM-based method is its higher computational complexity.
This disadvantage arises from the fact that FEM requires a
background mesh of the target domain be defined in advance.
The generating and regenerating of a mesh could be a great
burden especially for handling complicated problems. The
efforts of seeking meshless methods to avoid the burden of
mesh generation began in 1970’s by Hardy [4].

The development of meshless radial basis function (RBF)
computational methods over the last decade had been proven to
be effective in solving various types of differential equations.
RBFs were first used in neural network and later as bases for
multivariate interpolation.

Recently, radial basis function (RBF) methods have been
recognized as more suitable for solving problems with
complicated domains. It has attracted much attention in
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solving medical image registration problems due to its
flexibility and efficiency. The RBF approximation methods
have major advantages over the finite element method. One
of these advantages is that it does not require the construction
of an underlying mesh, and therefore it can deal with
complicated or irregular domains more easily.

The thin plate spline (TPS) is a particular type of radial basis
functions derived from the minimization of a smoothness
measure based on the partial derivatives of the transformation
as reported by Bookstein [3]. Lately Osorio [5] combined
successfully the automatic feature correspondence optimization
for non-rigid registration with RBF interpolation in
radiotherapy.

This study adopted the core component of deformable
registration model called Demons algorithm developed by
Thirion [6]. In order to improve the Demons algorithm, we
incorporate a class of RBFs called the reciprocal
Multiquadric function with the Demons algorithm. The
proposed algorithm is used to simulate the change of
deformation registration image across the sectional tumor. A
numerical case study based on a prostate registration image is
presented in this study. The numerical performances are
compared with results obtained by the classic DIR Demons
algorithm.

IL.

The governing equations of the deformation field are based
on Navier nonlinear elastic model. Let D = [uy, uy]T be the

DEFORMABLE IMAGE REGISTRATION MODEL

incremental displacement for the moving image, the basic
mathematical formation is given by (2).

B (m —s)Vs
Vs + |(m - 5)|

(@)

where m is moving image and s is the static image, (m — s)
are the differential forces between the moving image and the
static image. The operator Vs is the gradients in each nodal
point (x, y) of the static image s and is defined by

)

Equation (2) can be rearranged as a homogenous equation
as in (3).

0s(x,y) 9s(x,y)
ox ' dy

%mw=(

D(|Vs|? + |(m — s)|?) — (m — s)Vs = 0. 3)

In mathematics, the solution of spatial discretization of the
differential equations in (3) can be approximated by
numerical methods such as the finite difference and finite
element schemes. These approximation methods generally
require an underlying grid system or mesh configuration to
support the computations. Mesh generation could be
extremely difficult and troublesome if the geometry of the
target region is irregular.

In this paper, a radial basis function (RBF) method is used
to solve the deformable image registration model. RBF is a
truly meshless numerical scheme. As there is no need to have
a mesh, so the RBF method is particularly good in handling
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problems with large deformations.

In order to evaluate the computational results of RBF
method, the classical iterative formula of Demons algorithm
is also set up as a reference model in this study. The
corresponding computational results of the Demons
algorithm and RBF Demons algorithm are illustrated and
discussed.

III. FORMULATION OF DEMON’S ALGORITHM

The original Demons algorithm devised by Thirion [6] is a
classical optimization scheme to solve the deformable image
registration. The displacement of deviator D between the
moving image (m) and the reference image (s) is computed
by using the iterative formula as given in (4).

n-1 0 0
ij — Si,j)vsi.j

sy | (mit =50

n-1 (m
ij

n =
ij

(4)

fori,j = 1,2,3,---,N. This iterative equation is subject to the
following initial conditions:

0 _
D;; =0,
0 N
m;j = My,
0 —a
Sij = Sij»

where m;; and §;; are intensities of the original static and
move images at the corresponding pixel.

Pennec [7] in 1999 improved the Demons algorithm by
take into consideration a weighted factor w. It attempted to
normalize the relations between the moving and static image.
The corresponding improved Demon's algorithm is given in

s o2 (s

(5).
-+
m;; )|
(mf} " —sp;)vmy; .
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In the above algorithms, the registered image my; in the
(n-1)

n-th iterations is computed by inputting D} and m;; ~as
defined in (6).
m}; = mg}_l) + D} Vs (6)

In the algorithm, the distance of Vx and Vy between two
neighbourhood pixels is taken to be 1. The gradients ngj of
static image are N X N coefficient matrix and are calculated
once using (7) and (8).

[ .0 0 0 0 0 0
S12 —S11 SiN —SiN-1  SinN T SinN-1
0 _ . . .
Vs = 0 . 0 0 . 0 0 . 0 D
SN2 — SN SNN —SNN-1 SNN T SNN-1
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S21 7 S11 S22 7 S21 S2.N Sl,N—l]
VsY =10 0 0 0 o _wo | 8
Y |SNa T SN-11 SN2 T SN-12 SNN T SN—1,NJ ®)
0 0 0 0 0 0
ISN,1 — SN-1,1 SN2 T SN-1,2 SN.N ~ SN-1,N
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The registered image m;j; can be determined after n
iterations. The iterative stopping criterion is set as in (9).

[piy - ;2] < ©)

where € is the upper bound of iterative error. The number of
iterations required to achieve the optimization approximation
depends on this stopping criteria. In this algorithm, the error
analysis showed that 500 iterations are enough to satisfy the
stopping criteria € < 0.007.

IV. APPLICATION OF RADIAL BASIS FUNCTIONS

In this paper, we propose to incorporate radial basis
function (RBF) with the Demons algorithm. The deformation
matrix D can be approximated by RBF scheme. The basic
idea of the radial basis function interpolation is to
approximate the unknown displacement function, {D(x):x €
R?} by a RBF interpolant at a set of N distinct nodes.

Let (@: Rt > R) be a basis function and (dDj: RY - ]R) is
defined as in (10).

&) = ¢ (x-%,). (10)

x,X, € R%,
Here, @(||X—)’§||2) is a typical type of RBF solely

dependent on the Euclidean distance ||X — )’§||2 between x

and a fixed pointX; € R?.

The basic concept of the radial basis function (RBF) method
is to interpolate the displacement function D(X) using a finite
series of radial basis functions at N given distinct points X; as
expressed in (11).

N

DG =~ D) = » go(|x-%|,)

J=1

an

where X, X, € R4, and {aj:j = 1,2,---,N} are the unknown
coefficients to be determined by collocating D(x;) = D(xy) at
a set of distinct points X, € RY, fork = 1,2, ..., N over the

domain Q. The finite series in equation (11) yields the system
of linear equations which can be expressed in matrix form as in

(12).

[A,][B] = [D], (12)

where [B] = [ay, ay -+, ay]T are the unknown coefficients to
be determined and [D] is an N X 1 column vector as in (13).

[D] = [D(x4), D(x2),+, D(xn)]". (13)

The matrix [Aq,] is an N X N coefficient matrix as given in
(14).

olxs —xDll o @l —xy)ll
o (x; —x)|| oll(x; —xWll

[A,] = : : (14)
oGy =%l @llGxy — x)

fori,j = 1,2, ...,N. To ensure that the coefficient matrix [A(p]
is invertible, all interpolation points belonging to the interior
and boundaries in £ must be distinct. Provided that the chosen
radial basis function ¢ is positive definite, the matrix [A(p] is
non-singular so the linear system in (12) has a unique solution.
The unknown coefficients vector [B] can be obtained uniquely

by solving the linear system by Gaussian elimination method as
in (15).

[8] = [A,] '[D]. (1)

A general theory on the existence, uniqueness and
convergence of the RBF interpolation was proven by Micchelli
[8] in 1986. Later, Powell [9] and Madych et al [10] extended
the study and deduced the important non-singularity properties
of the RBF interpolation. Their analysis proved that the RBF
interpolation methods hold a truly mesh-free algorithm and a
super-convergent property. The accuracy of the RBF
interpolant has an order of convergence O(h%*1), where 4 is
the density of the collocation points and d is the spatial
dimension.

The most popular types of radial basis functions are those
given in (16).

I{ (rjz) log(rj) , Thin plate splines in R?
2

e M,
(p(r]) = i (1}2 + 62)%,

1/07 + §2)7, Reciprocal Multiquadric, 52 € R

Gaussian,u >0
Multiquadric, 5% € R

(16)

where {rj = ||X—i}||,j = 1,2,~~,N} is the Euclidean
distance between x and a fixed pointX; € R%, and 5% € R is
called the shape parameter in multiquadric functions. This
shape parameter is used to control the fitting of a smooth
surface to the data.

V. CASE STUDY OF PROSTATE REGISTRATION IMAGE

In order to illustrate how the proposed model is applied in
real-life systems, a deformable image registration from a
patient with prostate cancer is used as a reference case
alongside with the study. The original patient image and the
deformed CT are showed in Fig. (2) (a) and (b) respectively.

Fig. 2. (a) the original patient’s image, (b) the deformed CT

Remark: Local ethics committee approval was obtained for
a waiver of informed consented for retrospective analysis of 30
Intensity Modulated Radiation Therapy (IMRT) plans
delivered between January 2005 and January 2006 in the
Department of Clinical Oncology from a collaborative hospital.
The original geometry background contains 512x512
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pixels. In the computation, the target region is formed by
removing the insignificant backgrounds which include air
with intensity 0, and bone with intensity 1. After removing
the insignificant pixels, a total of 79,743 valid pixels are
remained in the target region. The input data points for
computations will be based on these valid pixels. To
demonstrate the performance of the proposed methods, the
computed results at several different image levels are
computed.

VI. COMPUTATIONAL RESULTS

The computational results presented in this paper are
validated against a real deformable image registration for
radiation therapy of prostate cancer. In the numerical
examples, the input data of reference image s and the initial
moving image m are taken from the image #60 and image
#50 respectively. The image #60 consists of 72,501 non-zero
gradient pixels and 7,242 zero gradient pixels.

A. By lIterative Formula of Demons Algorithm

The Demons algorithm introduced previously in (4) and (5)

are applied to this case study. Using the given data from s
and m, the transformation matrix D is generated. The
corresponding registered image can then be approximated by
using the displacement D.

The gradients of static image Vsy and Vsj defined in (7)
and (8) are coefficient matrices computed by using the
original static image. The numerical scheme of the Demons
algorithm is based on the iterative scheme. The Gaussian
filter is applied to smooth the result in each of iteration.

The stopping criterion is set at € = 0.007. The optimum
result can be achieved in 500 iterations. The root mean square
error is about 0.071 to 0.072. The rate of convergence of
Thirion and Cachier Demons algorithm are compared as
depicted in Fig. 3.

0.0732

0.073
0.0728
0.0726
0.0724
0.0722

RMSE

0.072 Thirion, 1996

0.0718
Cachier et al., 1999

100 200 300 400 500
Number of iteration

Fig. 3. The rate of convergence of two demons algorithm are compared

0.0716

0.0714 1

The computed registered image is compared with the
reference image in Fig. 4 (a) and (b).

Fig. 4 (a) Reference image and (b) registered image
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B. By Radial Basis Function Approximation

In the application of radial basis function method, the
choice of collocation points is an important consideration. In
this numerical example, the collocation points are choice in
every two pixels with non-zero gradient images. A total of
17,908 distinct collocation points are selected over the target
domain of the reference image #60.

The deformation matrix D(X) in (4) is approximated by the
radial basis function method as in (17).

N N
Z ai(pn(ri,j) = Z ai¢n71(ri,j) -
i=1

i=1

n-1 0 0
ij Si,j)VSi,j

Vs + | (mi = sp)I”

(m

(17

where i,j = ||x]- — xj”, for i,j = 1,2,3,---,N. The system of
(17) is subject to the following initial conditions:

N
0 ~ 0 —
(Di,j = z o;p° (1) =0,
Jj=1
0 _ =
mi']- = mil',
s0 EXF

ij ijr

where M;; and §;; are the intensities of the choose

collocation points from the original static s and move images
m. The gradients VS?J- of the static image will be also be

)

The unknown coefficients 3 are determined by collocating
N

approximated by RBF as in (18).

N
0@so(ry;
VSO(.X', y) — (; Bi [ afcr ,])'

N

>

i=1

. a(PSO (ri_j)
L ay

(18)

s(x,) = s(x;) at the set of distinct points xj, forj = 1,2, ...,
over the reference domain.

This study adopted the reciprocal Multiquadric function
(RMF) as the basis function because it has a super-convergent
property. The smoothness of approximation can be improved
by taking the normalized form as in (19).

[ )+

The numerical results have been analyzed with different
shape parameter §. It was found that the optimal result can be
achieved by taking the shape parameter d between 0.5 < § <
1.

Following the Demons algorithm, the corresponding
registered image m in the nt" iteration can be computed
according to equation (6). The Root-Mean-Square error is
computed to quantify the difference between the static image
and the registered image. The formula of Root-Mean-Square
error is taken as in (20).

N
ai‘Pn(ri,j) - Z ai(Pn_l(ri,j)
i=1

(P(ri,k) = (19)

(x; — x)?

i — yi)?
+
5112

5112

N

2.

=1

<e, (20)

where ¢ is the upper bound of iterative error. The static image
and the computed registered image are compared in Fig. 5(a)
and (b) respectively.
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Fig. 5. (a) static image and (b) registered image.

The approximated registered image m are compared with
results obtained by the classical iterative Demon's algorithm
that purposed by two researchers, Thirion [6] in 1996 and
Cachier [7] in 1999. The root mean square errors (RMSE) of
different methods are summarized in Table I.

TABLE I: COMPARISON WITH ROOT MEAN SQUARE ERROR (RMSE)

Methods RMSE
RMQ 0.0244
Thirion, 1996 0.0719
Cachier, 1999 0.0715

The computed deformation grid by RBF methods is shown
in Fig. 6(a). The difference between the registered image and
moving image is shown in Fig. 6(b).

T 1T T T T 7
Deformation grid

Difference between registered
image and deformed image

(a) )
Fig. 6. (a) Computed deformation grid and (b) difference between registered
image and moving image

The proposed RBF scheme produced a high degree of
accuracy as compared to that obtained using the classical
Demon's algorithm. However, the computation time has been
shown to be more expensive due to the shortcoming of the
global RBF effect in compared with the Demon's algorithm.

VII. CONCLUSION

This study developed a meshless computational scheme
based on radial basis functions to incorporate with the
classical Demons algorithm. The proposed scheme was
applied to a real-life deformable image registration from a
patient suffered from prostate cancer. The computed
registration results using the reciprocal Multiquadric RBFs
and the classical Demon's algorithm were compared. The
numerical experiments were shown to be with small RMSE
using RBF methods which demonstrated the applicability of
our proposed approach to registering pre-operative images

(reference image) with post-operative image (moving image).
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Further investigations on the computational efficiency and
clinical applicability are necessary to determine appropriate
local basis function as well as support sizes of the RBFs.
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