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Contribution to the Calculation of Reinforced Concrete
Circular Sections by Discrete Reinforcement

M. S. Kachi, Y. Bouafia, M. Saad, H. Dumontet, and S. Bouhrat

Abstract—The calculation of circular sections is not easy
given the available reinforcements induces several unknowns
in the equilibrium equations. The abacus of Davidovici, based
on the principles of BAEL91 and EUROCODE2, assuming a
uniform distribution of steel over the entire section, to
determine the longitudinal reinforcement of these section
bending made for this type of section limited in the case of a
compressive axial load.

In this study we propose a method for calculating circular
sections under any combined loads (N, M), using discrete
reinforcement able to take into account both the compressive
and tensile axial load. This method is based on the interaction
curves of reinforced concrete sections that may generate the
number of steel bars necessary for the point representative of
the combination load (N, M) is within the strength domain of
the section.

Index Terms—Reinforced concrete, circular section, non-
linear calculation, combined bending.

NOMENCLATURE

Aj: Section of the bare i

bi: Base width of the layer i

Yaj: Coordinate of the bare j

D: Section diameter

d’: Wrapping steels,

Ea: Steel Young modulus,

En: Average concrete young modulus at a current point of the concrete
f.: Concrete compressive strength

N1: Applied axial load

N: Internal axial load

Na: Internal Axial load due to the steel

Np: Internal Axial load due to the concrete

Noi: Number of steel bars

Ne: Number of trapeze,

M1: Applied Bending moment,

M: Internal Bending moment,

Ma: Internal bending moment due to to the steel

My: Internal bending moment due to the concrete,

yi: Coordinate of the base of the trapeze i,

7. Angle between two successive bars,

¢a: Bars diameter,

Sow: The curvature,

du: The axial strain,

& Deformation,

om: Normal stress at a point of run the concrete section
Aom: Increase of the normal stresses on the concrete,
Aén: Increase of the longitudinal strain in the concrete,
osi: Stresses in the bar i,

{ Mn} : Vector normal strains increase,

[Ks] : Section stiffness matrix,
{Apn} . Internal loads increase,

{Apnb} : Concrete Internal loads increase vector,
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Fnb} : Concrete internal loads vector,

a
A;:a} : Steel internal loads increase vector,

K Steel stiffness matrix

(K
Acai: Steel stresses increase,
Aég;: Steel strains increase,
(46, ) Section strain increase,

{
{Fn } : Steel internal loads vector,
{
[

1la
Concrete stiffness matrix,

]I
]I

I. INTRODUCTION

In general, the calculation of reinforced concrete regular
sections is a well known problem and mastered [1]-[6]. In
the particular case of circular or annular sections, analyzing
the behavior of the section has been the subject of several
studies we can mention [7]-[10], but the calculation of
longitudinal reinforcement, is an complex problem. Taking
into account the distribution of reinforcement in concrete,
geometric characteristics are essentially the same in all
directions. The arrangement of reinforcement induces
several unknowns in the expression of the equilibrium
equations, in particular, in the case of combined bending and
axial load. In practice, the longitudinal reinforcement is
calculated using abacus of Davidovici [11]. However, these
principles are based on current regulations BAEL91 and
EUROCODE2 [9], considering the steel uniformly
distributed over the entire section of the concrete and in the
case of a normal force of compression. The tensile normal
load has not been considered.

We propose to construct a general method for calculating
the circular sections using discrete reinforcement in the case
of a combined bending and axial load regardless of what
value of the bending moment and axial load.

This method is based on the nonlinear analysis of
reinforced concrete sections. It can generate the number of
steel bars required to balance a combination loads (N, M)
starting from the concrete section only then, adding the steel
bars one by one until that point representative of the applied
loads be into the strength domain of the section.

Il. GENERAL HYPOTHESIS

The reinforced concrete section is circular subjected to
combined bending and axial load. The study is conducted
under the small strains hypothesis taking into account the
non-linear elastic behavior of materials. Longitudinal strain
is governed by the law of conservation of planar sections
and it is assumed perfect adhesion between the steel and
concrete. Considering these hypothesis, the longitudinal
strain ¢ is given by:

= U+Y. dw ()
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I1l. DISCRETIZATION OF THE CONCRETE SECTION
The concrete section is assumed that a succession of

trapezoidal layers (Fig. 1). Concrete layers are characterized
by: the height hi, width bi, and the position of their base
relative to a reference axis. The ordinate of the base of the
trapezoid j can be calculated as follows:
Yi=(D.(-1)/Ne)-DI2 ©)
The width of the trapeze j is given by:
bj = D sin (6.))) )

where 4 (j) = arcos 2 | y; |/ D 4
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Fig. 1. Mod@isation de la section de béon.

IVV. DEFINITION OF THE POSITION OF THE BARS

The position of the longitudinal reinforcements depends
on the number n, diameter has ¢ and the coating d' (Fig. 2).
The position of a bar i is defined relatively to a reference
axis passing through the concrete center of gravity.

Fig. 2. Disposition of the bars in the section.

The ordinate of the bar number i is given by:
Vai=-(D/2—d-¢y/ 2) cos ((i-1) y)

with 7= 2m/ Ny, (5)

V. MATERIAL BEHAVIOR

The behavior of materials is described by the behavior
laws assumed by the Eurocode.

VI. CALCULATION OF INTERNAL LOADS

A. Solicitations Due to Concrete

Internal normal loads due to concrete, can be written as a
vector {Fp}:

{Fo) = ['\I\lﬂj - jzham.m.dzb ©)

Taking into account the relations 1 and 9, the increase of
normal loads can be written in matrix form as follows:

{AFnb}:[Klb]'{Aén} )

[Klb]:,..z Em'|:i ;/2:|de (8)

The increase of the normal stress Aoy, is relied to the
increase of the longitudinal strains Ag, by this relation:

with

Aoy = Ey . 4gy 9

B. Solicitations Due to the Reinforcement
The normal loads due to the reinforcement are given by :

Fb= [ 2| |

a i=1 yai

(10)

The variation of the normal strains of the section produces
a normal loads variation in the armatures. Taking into
account the relations 1 and 10, we can write in matrix form:

{4 =[Kia]-{40,}

[Kla]=ZEa{ ' yﬁiA&i

Yai y;i

(1)

(12)

The increase of the normal stress Ac is related to the
increase of the normal strains Ae at the bar i by the relation:

(13)

Neglecting the shear stresses due to reinforcement during
deformation of the section, the relationship linking the loads
increase with the strains increase in the armatures can be
written in matrix form as follows:

{4Fa}=[Ku] {40,

The equilibrium of the section results in equal of applied
loads increase and internal loads increase:

{4F,} = {4F,} + {4F,}

The matrix linking applied loads increase and the strains
increase in a reinforced concrete cross-section is:

AO'ai = Ea . Aé‘ai

(14

(15)

{4F,} = [K,].[46,] (16)

[K]=[Kap ]+ [ K] (17)

For the loads increase, the resolution in terms of the strains

of the equation 16 is iterative. At the equilibrium of the
section, the strains increase is given by:

(46,) = [S,] . (4F)

[s]=[K.]’

(18)

(19)
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VII. APPLICATION TO THE CALCULATION OF THE

REINFORCEMENT

The course of the boundary curve of the resistance
domain of a circular or annular cross section (Fig. 3) shows
that for a fixed value of M in the interval [ab], we have two
solutions in positive N: what makes the search for value of
normal force corresponding to point P (N, M) complex (hon-
unigueness of the solution). But, for a hormal load fixed the
problem can be reduced to finding a unique solution in M
positive.

Fig. 3. Form of the interaction curve for a circular section.

We propose an iterative method able to generate the
number of steel bars required for a circular or annular
section to balance the forces acting couple (N, M). This
method is, for a normal force N and fixed starting from a
concrete sole, to add steel bars (one by one) to return to the
point representative of torque forces acting on the inside of
field strength of the section. The geometry of the section is
refreshed at each time we add a bar. The principle of
superposition can find the first section capable of resisting
axial force N. This is considered a reference section at the
beginning of calculation of the first bending moment greater
than the moment soliciting and allows return precisely to the
point representative of the torque soliciting effort into the
resistance domain of the section. Finally, for the application
of the method using a regulatory calculation, it is sufficient
to adopt characteristics of materials (concrete and steel)
allowed by the regulations. The Fig. 4 shows the general
organization of the calculus method.

Data of the problem: section diameter D, bar diameter, material properties and loads acting (N1, M1), Ny =0 |
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Fig. 4. General organization chart of the calculus method.
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VIII. APPLICATION AND COMPARISON TO REGULATORY

CALCULATIONS

At first calculation the ultimate limit state is performed
using the codes BAEL91 Eurocode?2 for a circular section
subjected to pure bending and composed for diameters 70
and 100 cm with a report d’/D = 0, 1. The elastic limit of
steel is equal Fe/y = 435 MPa., The compressive strength of
concrete is taken equal to f/y, = 14.2 MPa The calculation
results compared with those given by the abacus of
Davidovici (using BAEL91 and Eurocode?2)

A. Calculation of Simple Bending

Fig. 5 and 6 show the comparison of the results obtained
and those calculated using abacuses Davidovici on simple
bending.

-
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Fig. 5. Comparison of calculation results with those obtained with the
abacus of Davidovici for a diameter of 70 cm in pure bending.
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Fig. 6. Comparison of calculation results with those obtained with the
abacus of Davidovici for a diameter of 100 cm in pure bending.
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Fig. 7. Comparison of calculation results with those obtained by the
eurocode? for a diameter of 100 cm on tension and compression.

The Fig. 7 and 8, present a comparison of the results of
this calculation with those calculated according to the
eurocode? on tension and compression simple.
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Fig. 8. Comparison of calculation results with those obtained by the
eurocode? for a diameter of 70 cm on tension and compression.

B. Calculation on Combined Bending and Axial Load

The Fig. 9 and 10 show a comparison of results with
those obtained from the abacuses of Davidovici for different
diameters of the concrete section for elastic limit of steel
equal to 500 MPa..
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Fig. 9. Comparison of calculation results with those obtained with the
abacuses of Davidovici for a diameter of 70 cm in combined bending and
axial load.

In the case of sections subjected to compressive axial
force, the comparison of the results of this calculation to the
results obtained by applying the Eurocode 2 is satisfactory.
The small difference observed is due to the fact that this
calculation is not to find the exact section required to
balance the combination of loads (N, M), but rather to find
the first section that return the abscissa of the point (M N)
ordered within the section strength domain while adding
each time a steel bar (entire section of a frame) which is the
case in practice.
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Fig. 10. Comparison of calculation results with those obtained with

Davidovici abacus for 1 m of diameter in combined bending and axial load.
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In the case of a normal force of traction, the steel cross-
section obtained by this calculation is consistent: in fact,
nearly M = 0, there is a continuity of the curve in the
transition region from a tensile axial load to the compressive
axial load. In addition, a value of M = 0, we find without
difficulty steel section given by calculation using
Eurocode2.

IX. CONCLUSION

This paper then proposes a simple method for calculating
circular sections subjected to axial force (compression or
tension) and bending moment. Calculation software is
offered as a computational tool for the engineer. It offers
many possibilities of calculation and verification of circular
sections. It can generate the number of bars, diameter and
their spacing for a couple of efforts (N, M). Cases of
solicitations are considered: simple compression, tension
and bending composed Simple. It also serves as a tool for
verifying the load capacity of a circular reinforced concrete
section considering a regulatory calculation. Finally, opting
for the real mechanical properties of the materials, it can
simulate the real behavior of the sections in nonlinear
elasticity to failure.
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