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Psychoanalysis of Centrally Symmetric Gravitational
Field Using a Centrally Symmetric Metric

Muhammad Sajjad Hossain, M. Sahabuddin and M. A. Alim

Abstract—The current study is conducted to solve some
quantities, A, p and v which are functions of the radial
coordinate, R and time coordinate T, employing a centrally
symmetric metric. In this study, a number of new cosmological
solutions have also been calculated. The physical significance of
the analysis is disscused in detailed. The results of this
investigation illustrate that the centrally symmetric
gravitational field with constant density automatically takesthe
shape of the steady state like univer se.

Index Terms—Ricci tensor, general relativity, Einstein field
equations, cosmology.

L

A centrally symmetric gravitational field can be produced
by any centrally symmetric distribution of matter[1]. The
centrally symmetry of the field means the space time metric,
that is, the expression for the interval ds , must be the same
for all points located at the same distance from the center. In
Euclidean space this distance is equal to the radius vector.
But in a non- Euclidean space, in the presence of a
gravitational field, there is no quantity which has all the
properties of the Euclidean radius vector. Therefore the
choice of a ‘radius vector’ is now arbitrary. Fiedler and
Schimming [2] performed the singularity-free static centrally
symmetric solutions of some fourth order gravitational field
equations. The fourth order field equations proposed by
Treder with a linear combination of Bach's tensor and
Einstein's tensor on the left-hand side admit static centrally
symmetric solutions which are analytical and non-flat in
some neighborhood of the centre of symmetry. Vyblyi [3]
considered the general centrally symmetric exterior solutions
of the field equations of the relativistic theory of gravitation
for the static Schwarzschild and Reissner—Nordstrom static
fields. Particular interior solutions are found and they are
fitted to the exterior solutions. Genk [4] investigated the
strong centrally symmetric vacuum field in the relativistic
theory of gravitation. In this investigation, an exact static
solution of the equations of the relativistic theory of
gravitation in vacuum for the case of spherical symmetry that
generalizes Fock’s harmonic interval and also radial motion
of test particles in the generalized harmonic metric are
considered. The condition that the field be physical is used to
find the region of applicability of that solution. The authors
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presented that the picture of the motion of the particles for a
distant observer differs fundamentally from the one usually
adopted (in Fock’s metric) and does not correspond to the
picture of asymptotic slowing down of the collapsing body.
The energy density of the gravitational field in this case was
calculated. Very recently, Samsonov and Petrov [5] made an
investigation on the physical interpretation of the central
symmetric gravitational-field singularities. The authors
showed that the existence of singularity in the centrally
symmetric gravitational field, which is interpreted as a
surface with unusual physical properties, follows from
equations for the action and the energy of a test particle not
using Einstein equations and their solutions. In addition, a
black hole is treated as a physical model of the singularity in
question.

To the best knowledge of the authors, no attention has been
paid to solve the quantities and  using a centrally
symmetric metric. The centrally symmetric gravitational
field with constant density automatically takes the shape of
the steady state like Universe. This centrally symmetric
gravitational field also satisfies the rigorous theorem known
as the Birkhoff’s theorem [6], which state that “any
spherically symmetric vacuum solution of Einstein equation
is necessarily the Schwarzschild solution that is, static”. This
theorem implies that if a spherically symmetric source like a
star undergoes pulsations or changes its shape, while
maintaining the spherically symmetry, it cannot radiate any
disturbances in the exterior, namely, Schwarzschild exterior
[7] solution can be used to describe the outside metric for
several situations as spherically symmetric star is either static
or it undergoes radial spherically symmetric gravitational
collapse [8].

II.  MATHEMATICAL ANALYSIS

The ‘spherical’ space coordinates r, 6, @ are considered for
this present investigation. Most of the general centrally
symmetric expression for ds” [9] is as follows:

ds* = h(r,t)dr2 +k(r,t)

(sin® 0dg” +d6”) (1)

+l(r,t)dt2 +a(r,t)drdt

where a, h, k, [ are certain functions of the radius vector #’
and the time 7’. But because of the arbitrariness in the choice
of a reference system in the general theory of relativity, we
can still change the coordinates to any transformation which
does not destroy the central symmetry of ds”,this implies, we
can transform the coordinates » and ¢ according to the formula
r=f;(rit)andt=f,(r7t’), where f}, f,are functions of the



IACSIT International Journal of Engineering and Technology, Vol. 4, No. 2, April 2012

new coordinates »”“and ”.We make use of the two possible
transformation of the coordinates r, ¢ in the element of
interval. Firstly, make the coefficient a(7,t) of drdt vanish,
and secondly make the radial velocity of the matter vanish at
each point ( because of the central symmetry the other
components are not present). After that, » and ¢ can still be
subjected to an arbitrary transformation of the form » = r (r)
and ¢ = ().

We now assume the radial coordinate and time coordinate
by R and 7 and the coefficients 4, k, [ by —e™ —é&“, ¢,
respectively [where A, gand v are functions of R and 7 ].
Then the equation-(1) gives

ds’ =c’e'dr’ —e*dR* — e (d6” +sin’ 6dg’) (2)
The energy momentum tensor for perfect fluid is as follows:
T, :(p+e)ul.uj - pg;

where p is the pressure and e is the energy density.
In the commoving reference system the components of the
energy- momentum tensor are:

0 1 _ 23
Iy=¢, =Ty =I;=-p

The non-zero metric tensor can be found from equation (2) as

follows

oo = CZev gOO :C—Ze—v
_ A 1n__ -2

g =€ g =—¢€ 3)
_ yZi 22 -u

En="¢€ g =-¢

g3 =—€"sin’ @ gl =—e*sin? @

Now we are interested to find out the non-zero values of
‘T ’as follows,
i

1y
ij :Eg (gil,k"‘gk/,j—gjk,/) “

Substituting i =j = k£ = 0 in equation (4), one may get

Ve
Fgo =— [Using equation (3)]
Using equations (3) - (4), the following results can easily be
found
! A
1 1 c
Loy =T = 5

2 (5)

/

3 3 _Mc s 3 U
o =I5 _7’ I3, =17 —7

(6)

2 v-4,,/

) ce v
I, =I5, =cot@, I'3; =—sinfcos b, T, =———

The Ricci Tensor is defined as

Ry :_rlj‘k,i+rl]‘k,i_r?krlrrzi+rj'1i ik )

With the aid of equations (5), (6) and (7), the Ricci Tensor
takes the form as below:

2,52 2 v=4.,/
&'

v

A? N i _c
4 4 2 2

_ 2
c2ev lv/i/ Czev /1V/
a3
i . (®)
e M +cz/1 v?
2 2 4

VA i

4 2

Ry =

+ctji

+X ©)

+ -~ + (10)

e~V jisin” @ N " sin’ @
2 2
¢ avsin® @ " jidsin® @

- 4 - 4

B "™ [i* sin® @ N v sin® 6
2 4

B ' A sin* @ N e“_’l,a/2 sin® @
4 2

Ry =—

(11)

—sin’ @
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. i . /2
Ry =y — SV ML ciu | M
2 2 2 € e
(12) 4 2
On the other hand the Ricci scalar is calculated as follows: .2
. AV eV Av -V | ji +3L—l,[u) (18)
R=—e™"+eV i+2e™ ji+ S T 4 2
2 . 2 _ 8k
eV eV AT 3¢Vt 3etu —e = AP
2 2 2 2
_e—v-l)_ze—ﬂ //+e—v .i+€_ﬂ /ﬂ/ . Sl AL e -1
Hu u u H 20—V — A+ ' =0 ase " #0 (19)
—e v 27
The Einstein field equation is defined as The symbol prime denotes differentiation with respect to R
while dot represents differentiation with respect to 2.
1 8rk
ioney A i (13) The Einstein’s field equation for the metric g; in the presence
of matter can be defined as folows:
The following results can be found taking suitable values 1 Sk
of i andj in equation (13) as: Rz'j _Eg[j R=- o ];'j (20)
1 8k
Ry _Egoo =——7 Ty
. g Ck Equation (20) gives,
1, - %7k ; 87k . ;
Ry, 2g11— X T, G} :__4le' @2n
1 8k as CC .
Ry——gn=——7"Tp Differentiate equation (21) with respect to i, we get [5]
2 ¢ 87k
1 8k 0 = ——4 Tfai
Ry —§g33 = _c_4T33 c ’
| Rk For conservation the relation is as follows:
Roy——g=—"7+T, i
10 2glo 4o le =0

k _
Therefore the field equations are obtained from equations i.e. E,k =0

(8)-(12) and (14) as follows: 1 3 19
ves. ————— T.")——i’?‘T"’ =0 (22
Gives, \/; axk( 81; 2 o

)
. |
e V{—‘u +—Aft+e ”}
4 2 (15) Therefore for £ = 0 the equation (22) gives the following

2 result:
_e_/?' lu// +£_l/1/lu/ = 8rke C /- c .
4 2 ¢ E(ﬂt+2;z+v‘),s+2,s'—E(Vg—/ip—z;zp)zo
2 2 : . 2&
R VA N G Y A A e, A+2t=m—— 23)
2 4 4 4 4 4 p
P 2 2 - If we consider the density is constant everywhere, i.e.
roV [_%_3_%_7_% /L;V + 4‘? (16) ¢ = constant so thate=0 , the equation (23) becomes,
STk E+24=0
=P ie. E+2u=f(t) (24)
a2 s But in the beginning of the universe i.e. at time ¢ = 0
_ y7 ’
v {’121 'u? —’UT + ’UT} the equation (24) becomes,
/" 2 /9l /) §+2'u:() (25)
A (17) o
€ ) > 4 4 We need one more equation which is provided by the
equation of state P = P(e), in which the pressure is given as a
u 187k function of the mass-energy density. This equation of state is
te  —2o= X P as follows:
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P=(f—1)e, where 1 < & <2 (26)

Now for k = 1 the first part of equation (23) is given by,

1Y I /
—5_(/1 +2u" +v )p+2p }
And the 2™ part of the equation (23) can be expressed as,
Ir / /
—E_V e-Ap-2u p].

Hence for k = I the result of equation (22) can be written as:

—%[(/1’+2,u’+v/)p+2p’]

—%[v/g—;t/p—z;/p}:o

So, we get,

/ 2]7/

vi=-—
p+e

27

If p is known as a function of e then equation (23) can be
integrated in the form

de
pte

A+2u=-2]

+/1(R) (28)

where the functions f;( R) can be chosen arbitrary in view of
the possibility mentioned above of making arbitrary
transformations of the form R = R ( R). Now, at the initial

moment ¢ = ( the equation (28) gives f1 (R) =0

III. FINDINGS

Case-l:
When & = I, p= 0 i.e. for dust like sphere or the pressure

less matter, the equation (28) becomes,

/1+2y:—2jk
e

ie e=€_“f+2ﬂ, when £+2u=0.
Therefore, e = constant 29)
Case-ll:

When & = g, P:%S i.e. for radiation dominant universe,
the equation (28) becomes,
de
A+2u=-3[—
2e

e=e_3“§+2”, when &+2u=0.

1e.

Therefore, ¢ = constant 30)

Case-lll:
When & = 2, P=e i.e. for stiff fluid, the equation (28)

becomes,
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/1+2ﬂ=—2j%

Lo e= o (6724)

when& +2u=0.

Therefore, e = constant

€2y
Again, for the equation (27), we get the following cases:
Case-l:

When & =1, p= 0 i.e.for dust like sphere or the pressure less

matter, the equation (27) becomes,
&= Constant (32)

Case-l1:

4 | L . .
When f = 3 P:§€ i.e. for radiation dominant universe,
the equation (27) becomes,

eo—.
645

This implies,

e = constant (33)

Case-lll:
When & = 2, P=e i.. for stiff fluid, the equation (27)

becomes,

eo——
e
This implies,

e = constant (34)

IV. CoNCLUSION

We choose the interval ds’ in the form of equation (2),
there still remained the possibility of an arbitrary
transformation of the time of the form ¢ = f{?) like (24). Such a
transformation is equivalent to adding to v an arbitrary
function of the time, and with its aid we can always make f{?)
in equation (24) and vanish if we consider ¢ = 0. And so
without any loss in generality, we can get & +2u=0 . Note

that the centrally symmetric gravitational field with constant
density in each solution from equations (29) to (34)
automatically takes the shape of the steady state Universe.
Since the Universe is expanding, the principle demands that
new matter must be created to maintain a constant density of
the Universe [10]. The most remarkable feature of the theory
is that the new matter (believed to be hydrogen atom) is
supposed to be created out of nothing in a creation field
called the C field, that is, Matter requires to be continuously
created in the Universe according to this theory [11].

REFERENCES

[11 L. D. Landau, E. M Liftshitz., The classical theory of Fields,
Peragamon press, 1975, unsolved problem pp. 304.



=

IACSIT International Journal of Engineering and Technology, Vol. 4, No. 2, April 2012

B. Fiedler, R. Schimming, “Singularity-free static centrally symmetric
solutions of some fourth order gravitational field equations”,
Astronomische Nachrichten, vol. 304, No.5, pp. 221-229, 1983.
Yu. P. Vyblyi, “Centrally symmetric solutions of the equations of the
gravitational field in the relativistic theory of gravitation”, Teoret. Mat.
Fiz., vol. 88 , No. 1, pp. 135-140, 1991.
A. V. Genk, “Strong centrally symmetric vacuum field in the
relativistic theory of gravitation”, Teoret. Mat. Fiz., vol.87, No. 1,

pp. 130-140, 1991.
V. M. Samsonov, E. K. Petrov. “On the physical interpretation of the
central symmetric gravitational-field singularities”, Physics of
Particles and Nuclei Letters, vol. 8, No. 1, pp. 8-12, 2011.

G. D Birkhoff, Relativity and Modern Physics, Harvard University
Press, Cambridge M.A., 1923.

S. Weinberg, , ] Wiley, Sons, Gravitation and Cosmology; Principles
and applications of the general theory of Relativity, 1912, pp-333 .

P. S. Joshi.. Global Aspects in Gravitation and Cosmology, Oxford
University Press Inc, New York , 1993.

M. Ali, “Studies on Global Aspects in Gravitation and Gravitational
Waves”. M. Sc. Thesis Department of Mathematics, University of
Chittagong, Chittagong, Bangladesh, 2002.

B. R lyer ; N. Mukunda, and C.V. Vishvershwasa , Gravitation, Gauge
theories and the Eashy Universe, Kluwer Academic Publishers, the
Netherlands, 1988, pp. 31-42.

[11] B.Basu. 4n introduction to Astrophysics. Prentice Hall of India Private
limited New Delhi-110001, 2006.

Muhammad Sajjad Hossain has been serving as a Lecturer in Mathematics
with the Department of Arts and Sciences, Ahsanullah University of Science
and Technology (AUST), Dhaka, Bangladesh. He joined at AUST in
September 2010. Before joining AUST he was a teacher of University of
Asia Pacific, Dhaka, Bangladesh for more than 02 (two) years. Part-time
faculty of Premier University, Chittagong, Bangladesh, AM of Azim Group,
Chittagong and also S.O. of Agrani Bank, Artilari Branch, Bangladesh. He
also earned three Gold Medals and UGC merit scholarship. He has already
completed his MBA from UAP. Now he is continuing his M. Phil in BUET.

M.Sahabuddin has been serving as a Professor of Mathematics with the
Department of Mathematics Ahsanullah University of Science and
Technology (AUST), Dhaka, Bangladesh.

M. A. Alim has been serving as a Associate Professor of Mathematics with
the Department of Mathematics, Bangladesh University of Engineering and
Technology (BUET), Dhaka, Bangladesh.





