
  

 
Abstract—This paper presents a spatial three-degree of 

freedom (DOF) 3-PUS-UP parallel manipulator with 
constrained branch that can be employed to high-speed milling 
for large heterogeneous complex structural component in 
aerospace field. Taking full consideration of the influence of the 
actuated branches, the serial constrained branch and the 
parasitic motion of the terminal moving platform, the 
closed-loop vector method is employed to deduce the kinematic 
position inverse solution, the actuation Jacobian matrix and the 
constrained Jacobian matrix are obtained by resorting to the 
screw theory and the D-H method, and the uniform full rank 
Jacobian matrix is constructed. With the help of the matrix 
condition number and matrix norm theory, the dexterity index 
characterizing the comprehensive transmission performance of 
the parallel manipulator is formulated. The distribution pattern 
of the performance index of the 3-PUS-UP parallel manipulator 
in the workspace is depicted by some cases, and the 
performance distribution of the mechanism is briefly 
investigated, and the optimum workspace region of the 
dexterity is then drawn in detail. The research results illustrate 
that the 3-PUS-UP parallel manipulator has good kinematic 
dexterity, which can be applied to the precision assembly, 
hybrid machine tool milling, and automobile spraying. 
Simultaneously, thus it also has a good prospect in engineering 
application. 
 

Index Terms—Parallel manipulator, Jacobian matrix, 
dexterity, condition number, optimum workspace.  
 

I. INTRODUCTION 

The spatial lower mobility parallel manipulator, especially 
the 1T2R three-degree of freedom (T denotes the translation, 
and R denotes the rotation) parallel manipulator as the main 
spindle of the high-end intelligent equipment, has been 
widely applied to the equal thickness machining of the 
complex components in the aerospace and automobile field, 
and the assembly of the aeronautical aluminum structure 
[1]-[3]. The typical successful applications include Sprint Z3 
head [4], Tricept hybrid machine tool [5], Exechon hybrid 
machine tool [6], and so on. In order to ensure that the 
parallel manipulator can complete the complex machining 
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task and take full advantage of excellent kinematic and 
dynamic comprehensive performance, the parallel 
manipulator with constrained branch and the redundant 
actuated parallel manipulator are usually adopted [7]-[9]. The 
suitable constrained branch does not provide the actuation, 
which determines the DOF of the mechanism. While the 
redundant actuation that the number of actuator is larger than 
the degree of freedom required by actual tasks can’t change 
the DOF of the parallel manipulator, yet which can 
effectively improve the accuracy and kinematic 
characteristics of the parallel manipulator. In the practical 
and potential applications, to increase the workspace of the 
1T2R parallel manipulator, a large moving guide rail can be 
in serial. At the same time, it is of crucial importance 
significance to improve the orientation capability, the two or 
three degree of freedom turning head can be connected to the 
moving platform, and then the multi-degree of freedom 
hybrid manipulator with larger workspace can be utilized as 
the five-axis hybrid kinematic machine (HKM) [10]. 

In recent years, the 1T2R parallel manipulator has 
attracted increasing attentions in both academia and industry. 
The research focus is mainly on the configuration synthesis, 
kinematics and dynamics performance analysis and 
dimension evaluation [11], [12]. In the configuration 
synthesis, there exists a class of mechanism composed of 
suitable constrained branch and unconstrained active 
branches, such as Tricept [13]. According to the different 
constraint and actuation effect of the branched chain to the 
moving platform, the branched chain can be divided into 
unconstrained active branch, suitable constrained passive 
branch, and suitable constrained active branch [14]. In this 
paper, the middle branched chain with the suitable 
constrained branch is introduced, which only provides 
constraints to the moving platform and does not provide 
actuation. Li et al. [15] adopted the virtual chain method to 
classify the 1T2R parallel manipulator into four categories, 
that is, UP, PU, RPR and P*U* configuration, and made a 
summary to the current research progress at the same time. 
The kinematic position analysis of the 3-PUS-PU parallel 
manipulator is carried out by Gao, and the workspace, 
manipulability, dexterity and stiffness index are established, 
and multi-objective optimization design is performed [16]. 
The kinematic dexterity and stiffness performance of the 
three degrees of freedom 3-PUS-UP parallel manipulator 
with a constrained UP branched chain is analyzed in 
literature [17]. Merlet [18] pointed out that the Jacobian 
based indices (such as determinant, condition number and 
singular values) are not sound when they are applied to 
parallel manipulator with translational and rotational 
coupling degree of freedom, what’s more, the inconsistency 
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of unit of the elements in the Jacobain matrix leads to unclear 
physical meaning and coordinate dependence, which may 
cause erroneous interpretations. Therefore, the parallel 
manipulator with coupling degree of freedom can’t employ 
its algebraic eigenvalues directly, it should be first processed 
by dimensional normalization. Huang et al. summarized two 
ways to measure the dexterity of the parallel manipulator [19], 
one is the condition number of the Jacobian matrix, and the 
other is the manipulability defined by Yoshikawa [20]. 

The present study focuses on a spatial three-degree of 
freedom 3-PUS-UP parallel manipulator utilized as hybrid 
kinematic machine, in accordance with the inverse 
kinematics analysis of the parallel manipulator, the paper 
aims to establish the unified Jacobian matrix, and further the 
condition and manipulability of the Jacobian matrix are 
applied as a measure of the dexterity for the proposed parallel 
manipulator. In consideration of specific application 
examples, the distribution atlases of the performance index of 
3-PUS-UP parallel manipulator in the reachable workspace 
are depicted in detail. The research results illustrate that the 
proposed parallel manipulator has good kinematic dexterity 
and thus a suitable candidate for five-axis machining. 

 

II. KINEMATICS ANALYSIS 

A. Architecture Description and Coordinate System 
Setting 

The parallel manipulator proposed in this paper can also be 
designed as a hybrid kinematic machine, as shown in Fig. 1. 
This parallel manipulator is composed of a fixed platform, 
the moving platform and four branches connecting the fixed 
platform and the moving platform (Fig. 2). The fixed 
platform is connected to the moving platform through three 
identical actuation branches PUS and the intermediate 
constraint branch UP, where P, U, and S represent active 
prismatic joint, universal and spherical joint, respectively. 
The radius of the circumcircle of the moving platform is ar , 

the fixed platform 1 2 3B B B is the equilateral triangle, whose 

radius of circumcircle is ar , the structure angle of the slide 

rail between the middle platform and the lower platform is , 
and the slide block can move on the guide rail whose center 
point is 1C  , 2C and 3C . The slider and the fixed platform are 

connected by a universal joint, and the first axis is 
perpendicular to the guide rail, and the second axis is 
perpendicular to the first axis. The distance that the slider is is  

and its direction vector is 0is , the length of the constant rod 

is il and its direction vector is 0il , and the direction vector 

i iB A is iL .  

For the purpose of facilitate analysis, as depicted in Fig. 2. 
A fixed coordinate system B-xyz attached to the fixed 
platform is set up, the origin B of the coordinate system B-xyz 
is a circle center with triangle 1 2 3B B B . The x-axis is parallel to 

the vector 1BB , the z-axis is perpendicular to the fixed 

platform upward, and y-axis direction is determined by the 
right rule. Similarly, a relative coordinate system A-uvw 
located to the moving platform is set up, the coordinate origin 
A is the geometric center of the moving platform. The u-axis 

is parallel to the vector 1AA , the w-axis is perpendicular to the 

moving platform upward, and the v-axis direction is 
determined by the right rule. 

 
Fig.1.  A 5-DOF hybrid kinematic machine 

 

 
Fig. 2.  Schematic diagram of the 3-PUS-UP parallel manipulator 

 

B. Position Inverse Solution 

The position inverse solution of the 3-PUS-UP parallel 
manipulator can be attributed to the known the structure 
parameters and positon vector of the point A, to solve the 
orientation of the moving platform and the required actuator 
inputs of the active prismatic joint [21].  

The vector i iA B can be represented as in the fixed 

coordinate system B xyz  

i i i i io i iol s L = a - b+ r l s                       (1) 

where 
T[c s 0]i b i ir  b , T[c s 0]p

i a i ir  a , p
i ia R a ,

 Tc c s c sio i i      s , T[ , , ]x y zr , and r denotes the 

position vector of point A in the coordinate system B-xyz, R 
represents the rotation matrix of the coordinate system A-uvw 
relative to the fixed coordinate system B-xyz, i  indicates the 

angle between the connection of joint Ai or Bi and the central 
joint of the coordinate system and the x-axis, and in which s 
and c are the abbreviation of sine and cosine, respectively. 

Taking the norm on both sides of (1) leads directly to 

2 T T 22 0i i io i i is s s l   L L L                      (2) 

Combining the position inverse solution about the linear 
displacement is of the active prismatic joint can be formed as 
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follows 

T T 2 T 2( s )i i io i io i is s l    L L L L              (3) 

C. Jacobian Matrix of the Parallel Component 

According to the screw theory, the instantaneous velocity 
generated by the branch chain of i （i=1,2,3） can be expressed 
as [22] 

 T 1, 2, 2, 3, 3, 4, 4, 5, 5, 6, 6,p i i i i i i i i i i i i$ q $ $ $ $ $ $                  (4) 

where and  denote the angular velocity and linear velocity 

of the moving platform, respectively. ,j i represents the 

angular velocity of the i-th branched chain j-th (j=1,2,3,4,5,6) 
rotational joint, and iq  denotes the active joint rates. 

The unit motion screw of joint in each actuation branched 
chain can be obtained by 

1, 0

, , ,

, , ,

[ ; ]

[ ;( ) ] 2,3

[ ; ] 4,5,6

i i

j i j i i i j i

j i j i i j i

$ s

$ s a l s j

$ s a s j

 
    
   

0

          (5) 

If the active prismatic joint of the i-th (i=1,2, 3) is locked, 
the additional reciprocal screw of the chain can 
sequentially be determined as 

 0 0
r
i i i i$ a l l                         (6) 

where r
i$ denotes a unit screw that passing the spherical joints 

and parallel to vector 0il . 

For the reciprocal product of (6) and (4), we can obtain 

1,
r r
i p i i i$ $ q $ $                              (7) 

It can be also rewritten in the matrix format 

x p t$ J J q                                   (8) 

where 
T

10 10
T

20 20
T

30 30
T

40 40

0 0 0

0 0 0

0 0 0

0 0 0

t

 
 
   
 
  

l s

l s
J

l s

l s

 

T

1 10 2 20 3 30 4 40

10 20 30 40
x

    
  
 

a l a l a l a l
J

l l l l
 

Therefore, the generalized Jacobian matrix pJ of the 

parallel component can be expressed as 

1
p t x-J = J J                                  (9) 

D. Jacobian matrix of the serial component 

The Jacobian matrix of the middle constrained UP 
branched chain can be established by D-H method [23]-[24], 
the joint parameters can be shown in Table I, the detailed 
derivation process is shown in my previous work [17]. 

 
TABLE I: D-H PARAMETERS OF THE CONSTRAINED BRANCH 

i   / ( )i


 id  ia  / ( )i


 

0 90 h 0 90 

1 θ1 0 0 90 

2 θ2 0 0 0 

3 0 d3 0 0 

 
where 1  and 2  represent rotations angle of the universal 

joint, 3d denotes the moving linear distance of the chain 

along the slide rail, and h  denotes the distance between the 
two fixed platforms, yet tan ( )b ch r r  . 

From the Table I we can know, the homogeneous 
coordinate transformation matrix from the coordinate system 
B-xyz to the coordinate system A-uvw can be written as  

0 1 1 2 2 3 3( ) ( ) ( ) ( )
0 1

h d 
 

   
 

R r
T T T T T         (10) 

where 

2 2

1 2 1 1 2

1 2 2 1 2

s 0 c

c c s c s

s c c s s

 
    
    
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  
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3 2

3 1 2

3 1 2

c

c s

s s
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d h
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 

 
   
  

p  

Consequently, substituting (10) into (1) results in 
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3
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3

1
3 2 3 2
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c( )

tan 2( , )
s s

d x y z h

x
a

d

z h y
a

d d




 


    
  

 




                    (11) 

The mapping relationship of the UP branched chain can be 
formulated as 

p$sJ θ                                   (12) 

where 

T

1 2 3d    θ     

Then the Jacobian matrix of the constrained UP branched 
chain (serial component) can be expressed as 

3 2 2

3 1 2 3 1 2 1 2

3 1 2 3 1 2 1 2

1

1

0 s c

s s c c c s

c s s s s s

1 0 0

0 s 0

0 c 0

s

d

d d

d d

 
     
     




 
  
 

  
 
 
 

  

J               (13) 

By employing the relationship between the parallel 
component Jacobian matrix and the serial component 
Jacobian matrix, the dimension can be normalized 

qp

x

y

z

$

 
   
  

J





                                (14) 

where 
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1 1

3 2 3 2

2
1 2 1 1 2 1 1

3 3 3

2
1 2 1 2 1 1 2

3 3 3

s c
0

s s

s s s c c c s

c s c c s c c

1 0 0

0 1 0

0 0 1

q

d d

d d d

d d d

 
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      
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  
 
 
 
 
 
   
 
 
 
 
 
  

J  

Combining the (9) and (14), the dimensionally 
homogeneous Jacobian matrix of the proposed parallel 
manipulator with a full rank, i.e. three, can be expressed as 

 

p qJ J J                                    (15) 

 

III. THE DEXTERITY INDICES OF THE PARALLEL 

MANIPULATOR 

If considering the application field and working 
requirements of the mechanism, the condition number and 
manipulability of the parallel manipulator are introduced as 
the performance evaluation indices to estimate the dexterity.  

A. Condition Number Index 

The dimension of equation (15) is unified and it has been 
normalized for consistency in angular and linear units. So we 
can use the reciprocal of the condition number of the 
Jacobian matrix that characterizing the mapping relationship 
between operation velocity and the joint velocity [25]-[26], 
that is 

1 / ( )  J                               (16) 
where ( ) J denotes the condition of the Jacobian matrix, and 

1( ) J J J . The value  varies in a certain range [0, 1]. 

When 0  shows that the configuration is in a singular 
position. While 1   shows that the configuration is 
isotropic, and the mechanism has the best motion 
transmission property. 

On the basis of the reachable workspace, this paper defines 
the optimum condition number region which can be reached 
by some configurations and satisfy the constraint condition 

0.6   [27]-[28]. 

B. Manipulability Index 

Yoshikawa define the determinant value of the product of 
the Jacobian matrix and its transpose matrix as the 
manipulability index of the parallel manipulator [20]. 

det( )T  J J                              (17) 

The manipulability index indicates the dexterity and 
comprehensive performance of the parallel manipulator in all 
directions. When the mechanism is in a nonsingular position, 
the manipulability is the determinant value of the Jacobian 
matrix. When the mechanism approaches the singular 
position, the manipulability is zero, and here the Jacobian 
matrix belongs to the morbid matrix, whose inverse matrix 
precision is reduced, and the transmission performance is 
very poor, so that the mapping relationship between the input 

and output is distorted, therefore, the special configuration 
should be avoided in the working process. 

In order to evaluate the manipulability of the parallel 
manipulator comprehensively and systematically, 
Frobenius-norm and Infinity-norm are proposed 

1

22

,
1 1

m nFT
i j

i j

a
 

 
   

 
J J                     (18) 

,
1

max
n

T
i j

i
j

a




  J J                         (19) 

where
FTJ J  is the square of the absolute value of the 

matrix element and re-seeking the square root of arithmetic. 

While  T 
J J  is the maximum of the sum of absolute values 

of all row elements. 
In general, the inverse of its norm can be formulated as the 

performance evaluation index, that is  

1F
FT

 
J J

                                 (20) 

1
T




J J
                                 (21) 

The larger the value is, the greater the distance is away 
from the singular configuration, and the better dexterity of 
the parallel manipulator is. 

 

IV. CASES ANALYSIS 

As a case application analysis for the parallel manipulator 
presented in this paper, the condition number and the 
manipulability are considered in this section. The structure 
parameters of 3-PUS-UP parallel manipulator are listed as 
follows: the radius of the fixed platform is rb=750mm, the 
radius of the moving platform is ra=250mm, the constant rod 
is l=700mm, the structure angle is 45   , the search range 
of the workspace is 300 300x   , 300 300y   , 

450 1000z  . The software MATLAB can be used to depict 
the relevant performance atlases.  

A. Condition Number Analysis 

Fig. 3 illustrates the distribution of the condition number 
under ideal workspace. From the Fig. 3, we can see that the 
position of the middle plane with coordinate height is 
z=850mm. In the range [700,850], the higher the height is, 
the closer the condition number of the parallel 
manipulator is close to 1, which indicates that the 
kinematic dexterity of the mechanism is much better, and 
the kinematic accuracy is higher. In the range [850, 1000], 
with the height increasing, the condition number gradually 
decreases, indicating the dexterity of the parallel 
manipulator is getting worse. However, in the search 
space, the range of the condition number varies between 
0.35 and 0.98, indicating that the parallel manipulator has 
no singular configuration in the ideal workspace. 

Utilizing the results of calculation, the contour distribution 
of the condition number   in the reachable workspace with 
consideration of the limit of the actuators stroke and 
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rotational joint angle is evaluated and in Fig.4. As we can see 
that the distribution of the condition number  ranges from 
0.5 to 0.8 and is far away from the ill condition region, so the 
proposed parallel manipulator has good kinematic dexterity 
in the whole reachable workspace. 

 

 
Fig. 3. The ideal workspace of condition number  

 

 
Fig. 4. The contour line of condition number in reachable workspace 

 
Fig. 5 gives the optimum region of the condition number 

0.6  in the reachable workspace.  It is vital kernel issue 
when we explore the trajectory planning of the parallel 
manipulator, we should try to determine the optimum 
position of a predefined path to be followed by the moving 
platform and execute task work in the optimum region to 
achieve their full potential kinematic performance. 

 

 
Fig. 5. The optimum region of condition number in reachable workspace 

 

B. Manipulability Analysis 

Fig.6 shows the contour line of the manipulability index 
 of the 3-PUS-UP parallel manipulator under the height 

z=850mm, the variable range of  is [0.6,0.69], the greater 

the value is, the better the dexterity of the parallel 
manipulator is, which indicate that the mechanism is far away 
from the singular configuration. The region of 0.64   is 

defined in this study as the optimum region and enclosed by 
the magenta line is a good quality region of the 
manipulability  . Simultaneously, to some extent, the atlas is 

symmetry about the y axis. 
 

 
Fig. 6. The optimum region of manipulability at z=850mm. 

 
Fig. 7 shows the contour line of the manipulability index 

F of the 3-PUS-UP parallel manipulator under the height 

z=850mm, the range of F is [0.8, 0.88], the greater the value 

is, the better the dexterity of the parallel manipulator is, 
which indicate that the mechanism is far away from the 
singular configuration. The region of 0.83F  enclosed by 

the magenta line is a good quality region of the 
manipulability F .  The manipulability values indicates that 

the parallel manipulator has good transmission performance. 
Simultaneously, the atlas is symmetry about the x axis. 

 
Fig. 7. The optimum region of Frobenius-norm at z=850mm 

 
Fig. 8 shows the distribution of the manipulability index 

 of the 3-PUS-UP parallel manipulator under the height 

z=850mm, the range of  is [0.85, 1.1], the greater the value 

is, the better the dexterity of the parallel manipulator is, 
which indicate that the mechanism is far away from the 
singular configuration. The region of 0.95  enclosed by 
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the magenta line is a good quality region of the 
manipulability  . Simultaneously, the shape of the optimum 

region is triangular, which is consistent with the geometric 
structural characteristics of the parallel manipulator. 

 

 
Fig. 8. The optimum region of Infinity-norm at z=850mm. 

 
Fig. 9 illustrates the optimum region of the parallel 

manipulator considering the manipulability index  , F , and 

 . The closer to the boundaries of the workspace, the lower 

the manipulability performance values of the parallel 
manipulator. The region close to the middle of the workspace 
is where the more satisfactory values are calculated. 

 
Fig. 9. The optimum region of three manipulability in reachable workspace. 

 

 
Fig. 10. The optimum region of the parallel manipulator 

 

As illustrated in Fig.10, the optimum region and the 
distribution of the parallel manipulator considering all the 
proposed performance indices, i.e. condition number, 
manipulability, the Frobenius-norm, and the Infinity-norm. 

To design a control trajectory planning of the proposed 
parallel manipulator for next stage, the optimum region has to 
be identified so as to exert the excellent transmission 
performance. The results also show that the parallel 
manipulator has a rather good dexterity which is suitable for 
large components machining demands. 

 

V. CONCLUSIONS 

In this paper, a spatial three-degree of freedom 3-PUS-UP 
parallel manipulator with constrained branch is proposed, the 
parallel manipulator can be combined with the series module 
to perform a five degrees of freedom hybrid manipulator to 
execute free-surface machining. The following conclusions 
have been achieved in this research: 

(1) A very good transformation approach to derive the 
dimensionally homogeneous Jacobian for dexterity analysis 
of the 3-PUS-UP parallel manipulator is investigated in 
detail. 

(2) In term of the actuation and constraint relationship of 
the parallel manipulator, the position inverse solution is 
carried out, and the complete dimensionally homogeneous 
Jacobian matrix of the parallel manipulator is constructed 
systematically by virtue of the screw theory and the D-H 
method. The mathematical model of the performance 
evaluation of the parallel manipulator is deduced in detail by 
employing the condition number and the manipulability as 
the design criterion for the performance evaluation.  

(3) The distribution of the dexterity in the reachable 
workspace based on the Jacobian matrix, as well as the 
optimum region of the comprehensive kinematic 
performance are systematically analyzed. The results 
illustrate that the mechanism has good kinematic dexterity 
and can be widely applied to precision assembly, hybrid 
machine, auto-mobile spraying, and so on. What’s more, the 
present work is extremely valuable for further dynamics 
modeling and control design of the proposed manipulator. 
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