
  

  
Abstract—On mesoscopic level, concrete can be treated as a 

three-phase composite material consisting of mortar, 
aggregates and interfacial transition zone (ITZ) between 
mortar and aggregate. A lot of research has confirmed that ITZ 
plays a crucial role in the mechanical fracture process of 
concrete. The aim of the present study is to propose a numerical 
method on meso-scale to analyze the failure mechanism of 
reinforced concrete (RC) structures under loading, and then it 
will help precisely predict the damage or the microcrack 
initiation and propagation of concrete. In this method, concrete 
is discretely meshed in terms of the Rigid Body Spring Model 
(RBSM), while the reinforcing steel bars are modeled as beam 
elements. The fracture process of concrete and the distribution 
of microcracks, as well as the load-deformation relationships 
are investigated and compared with the available experimental 
results. It is found that the numerical results are in good 
agreement with the experimental observations, indicating that 
the model can successfully simulate the fracture process of 
concrete and the distribution of cracks  
 

Index Terms—Meso-scale, rigid body spring model (RBSM), 
reinforced concrete structure, numerical modeling  
 

I. INTRODUCTION 

From a fracture mechanical point of view, concrete is not 
a homogeneous material since it can be considered as a 
three-phase composite system consisting of aggregates 
embedded in a matrix of hardened cement paste, and the 
interfacial transition zones (ITZs) on the interface between 
the aggregate particles and the surrounding cement paste [1] 
–[4]. This description of concrete is widely recognized and 
usually defined as meso-scale approach, which is specifically 
useful when analyzing the influence of the aggregates and the 
ITZs on the mechanical properties of concrete, particularly 
on fracture behavior, as well as on the transport processes [5], 
[6]. Therefore, over the past few years, the numerical analysis 
of concrete on meso-scale has been successfully conducted, 
leading to a better understanding of the micro-cracking and 
fracture behavior of concrete. Moreover, the mesoscopic 
analysis can represent the effects of aggregates shape, 
distribution and volume fraction, particularly the thickness 
and properties of the ITZ [7].     
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However, the majority of the conducted studies are 
focused on the mechanical simulation of plain concrete due 
to the computational complexity and cost after including the 
reinforcement. The objective of this study is to develop a 
meso-mechanical approach to investigate the response of RC 
concrete structures subjected to loading. In this method, the 
two-dimensional (2D) meso-scale geometry of concrete is 
meshed by the Voronoi diagram and the discrete element 
method, Rigid Body Spring Model (RBSM), is adopted to 
perform the mechanical analysis. The advantage of the 
Voronoi diagram is that it can reduce mesh bias on potential 
crack directions because the crack initiation and propagating 
direction have been prescribed in advance. The continuous 
reinforcement is dispersed irrespective of the diagram of the 
concrete Voronoi meshing. Each reinforcing element is 
regarded as a general beam element.  A specific link element 
with zero-size is used to simulate the bonding behavior 
between reinforcement and concrete. The proposed model is 
applied to RC samples under loading to simulate their 
responses and to compare with the experimental 
observations. 

  

II. GENERAL DESCRIPTION OF THE BASIC MODELS 

A. RBSM  
In the currently developed method, concrete is represented 

by the RBSM theory on meso-scale level.  In terms of the 
RBSM approach, the domain of sample geometry is meshed 
into polyhedron elements whose common boundary 
segments are assumed to be interconnected by zero-size 
springs, using a Voronoi diagram based on a set of randomly 
distributed points. Each element has two translational and 
one rotational degree of freedom for a 2D case (Fig. 1). The 
response of the springs can simulate the interaction between 
elements instead of considering the internal behavior of each 
element. Only such an overview of RBSM on meso-scale of 
concrete is given here. Additional details, such as those 
related to element meshing process and constitutive laws of 
different phases of concrete have been reported in literatures 
[8]–[9].  

 

 
Fig. 1. RBSM mechanical model 
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B. Steel Element  
For a RC specimen, the continuous steel bars are 

overlapped on the Voronoi diagramming geometry ignoring 
the layout of concrete elements. Each reinforcing bar is 
represented by a series of regular beam elements. These beam 
nodes are connected to the Voronoi elements via zero-size 
link elements (See Fig. 2). This strategy has already been 
applied to the numerical simulation of RC structures on 
macroscopic level in terms of RBSM [10]. 

 

 
Fig. 2. Beam elements of steel bar embedded in the Voronoi diagram of 

concrete 
 

After prescribing the position and direction of a steel 
rebar, the end nodes of a beam element can be automatically 
generated along the path traversing each Voronoi element, as 
shown in Fig. 2. Assuming small rotations, the displacement 
(u1, v1) of a beam node (xb, yb) will move with the gravity 
center of concrete element (xk, yk) with motion equation as 
 

                        
1

1

( )
( )

b k

b k

u u y y
v v x x

θ
θ

= − −
= − −                           (1) 

 
in which u, v, θ represent the two translational 

displacements and the rotational displacement, respectively. 
The relative displacements between the two link nodes are 
given by d=Bu, where and uT=[u,v,θ,u1,v1,θ1] are the 
generalized displacement components of the computational 
point and the beam node, respectively; dT=[δn,δt,φ] are the 
normal, tangential and rotational displacements, respectively. 
To obtain relationship between the local and global 
coordinate, the transformation matrix is required with 
expression as following in which α is the angle between the 
reinforcement and the horizontal coordinate. Thus, the 
stiffness matrix of the link element can be written as 
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where D is a diagonal matrix containing the normal, 
tangential, and rotational spring stiffness of the previously 
described springs as given by                          
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In the diagonal matrix D, kn, kt, kφ are the normal, 

tangential and rotational stiffness of the link springs, 
respectively.  

The steel reinforcement is considered as the general beam 
element with the stiffness matrix as 
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where E is the elastic modulus of steel; L is the length of the 
beam element; A is the section area of steel reinforcement. 
Because the numerical model proposed here is a 2D problem, 
the section area of individual steel bars should be converted 
to the nominal section area as shown in Fig. 3 with the 
equivalent area. 
 

 
Fig. 3. Conversion of the multi steel reinforcements to continuous area 

C. Constitutive Model of the Reinforcement  
The bilinear stress-strain relationship, as shown in Fig. 4, 

is applied to the beam element of steel reinforcement. The 
elastic modulus of the strengthened branch, Esh, is taken as 
the 1% of the initial elastic modulus of steel.  

It is evident that the interaction between reinforcement and 
concrete has a great influence on the crack formation and 
propagation. As a result, it is desirable to take into account 
the bond stress-slip relationship. In this study, the spring 
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parallel to reinforcing bar is used to represent this bond 
action between the bar and the concrete material, as given in 
Fig. 5. 

 
Fig. 4. Stress-strain relationship of reinforcement under loading 

 

 
Fig. 5. Bond-slip relationship of the reinforcement within concrete 

 
The formulation of stress-slip relationship developed by 

Shima et.al. is written as follows [11]: 
 

( )2 3 1 20.9 1 exp( 10( / ) )cf s dτ γ ′= − −                    (7) 

 
where s is the slip between reinforcing bar and concrete; f′c is 
the compressive strength of concrete; d is the steel diameter; γ 
is a reduction coefficient. Eq. (7) is only applicable to the 
mass concrete and the effect of concrete cover should be 
taken into account when it is used for the beam case because 
of its mush thinner cover thickness compared to mass 
concrete. In this paper, γ =0.6. 
 

III. NUMERICAL IMPLEMENTATION 

A. RC Member under Uniaxial Tensile Loading 
The RC member shown in Fig. 6 is chosen as the first 

numerical example to demonstrate the analysis procedure of 
the proposed model. The size of the specimen is 300 
mm×100 mm×100 mm and aggregate volume fraction is 
32.5% by area. Only one centrically positioned rebar with 
diameter of 12mm is considered. The mechanical parameters 
for calculation are listed in Table I. 

 

 
Fig. 6. Configuration of the RC specimen for tensile loading 

 
The specimen meshed by Voronoi diagram is shown in Fig. 

7 with total 6930 elements, including concrete element and 
beam element of steel. The left side of the model is set as the 
fixed boundary and the displacement loading is applied on 
the right end of steel bar with an increment of 0.001 mm. 

 
Fig. 7. The 2D Voronoi diagram of the specimen under tensile loading 

 
TABLE I: MECHANICAL PARAMETERS USED IN THE MODEL  

Type 
Young’s 
modulus 
E/GPa 

Poisson 
ratio  μ 

Tensile strength
ft/MPa 

Aggregate 50.0 0.25 300 
Mortar 23.6 0.18 3.50 

ITZ 21.6 0.16 1.74 
Reinforcement 210 / 300 

 
The macro-crack development during loading process is 

presented in Fig. 8. In order to make the cracks visibly clearer, 
the deformation is enlarged 20 times along both vertical and 
horizontal directions. It can be seen that the shape and 
distribution of macro-cracks are quite close to those observed 
in experiments. Additionally, the micro-cracking in specimen 
firstly initiates on the interface of the coarse aggregates, and 
then propagates around surface of the aggregate. With 
increase of the applied displacement, the cracks begin to 
extend into the mortar matrix and form a connecting network. 
From Fig. 8, it can also be noted that the crack opening width 
on surface of the specimen is larger than that at the location of 
steel reinforcement. 

 

     
(a) Applied displacement = 0.2 mm  (b) Applied displacement = 0.2 mm 

 

        
(c) Applied displacement = 1.0 mm  (d) Applied displacement = 1.5 mm 

Fig. 8. Crack development and distribution of concrete under tensile loading 
 

TABLE II: PARAMETERS RELATING TO THE THREE-POINT BENDING 
SPECIMENS 

Beam 
Size (mm)
(L×h×b) 

Shear 
span ratio

Aggregate 
fraction 

Element 
number

Longitud-
inal rebar

L1 400×202×
123 1.1 41.9% 7110 2φ12 

L2 900×198×
122 2.06 36.4% 6840 2φ12 

L3 1600×202
×122 3.3 37.6% 6950 3φ18 

B. Flexural Loading Member without Web Reinforcement 
     In this section, the three-point bending beam without web 
reinforcement is numerically analyzed to simulate its 
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mechanical properties and failure mode. The involved 
mechanical parameters are same as that listed in Table 1. The 
other parameters required for this analysis are given in Table 
II. The incremental displacement of 0.02 mm is applied on 
the mid-point of the specimen. The loading manner of the 
three-point bending beam is depicted in Fig. 9. 

Because of the different shear-span ratio and amount of 
reinforcement, there are three failure modes, i.e. diagonal 
compression failure, shear compression failure and diagonal 
tension failure, which will be described and compared with 
test observations respectively.   

 

 
Fig. 9. Configuration of the three-point bending beam 

 
Diagonal compression failure   as shown in Fig. 10 (a), 

because of the small shear span ratio and the effect of local 
compression of the reaction of supports, the principal 
compressive stress in concrete near the support exceeds the 
compressive strength of concrete. As a result, the concrete 
between the support and the concentrated load is crushed by 
this principal compression stress first. This is quite similar as 
that observed in tests (Fig. 10(b)). The load-deformation 
curve of beam L1 by the numerical method is compared with 
the experimental results in Fig. 11. It can be found that on the 
ascending branch, there is comparatively good agreement 
between numerical and experimental results. However, after 
the peak point, the descending branch exhibits deviation 
between these two curves. The load of numerical simulation 
on descending curve decreases faster than that of the test 
curve. This result may be attributed to the constitutive laws of 
shear and rotational springs on the common boundary of 
Voronoi elements of concrete, both of which do not consider 
the softening process [10]–[11]. 

 

 
(a)                                     (b) 

Fig. 10. Comparison of failure mode between simulation and experimental 
result of beam L1 

 

 
Fig. 11. Load-deformation curve of Beam L1 

Shear compression failure with the increase of shear ratio, 
taking beam L2 as an example, the failure process becomes 
slower than that of the diagonal compression state. The 
upward extending of the diagonal crack arrested by the 
principal compressive stress, and the concrete at the tip of the 
diagonal crack is eventually crushed by the principal 
compression stress after the yielding of the longitudinal steel 
as given in Fig. 12. 

 

 
(a)                                     (b) 

Fig. 12. Comparison of failure mode between simulation and experimental 
result of beam L2 

 

 
Fig. 13. Load-displacement curve of Beam L2 

 
Diagonal tension failure   In this kind of failure mode, as 

shown in Fig. 14, after appearing of diagonal cracks, the 
diagonal crack will extend rapidly upward and splits the 
member into two parts. The splitting face is clean and without 
much debris. The entire process is sudden and rapid. The 
ultimate strength is equal to, or only slightly higher than the 
diagonal cracking strength. 

 

 
(a) 

 
(b) 

Fig. 14. Comparison of failure mode between simulation and experimental 
result of beam L3 

 

IV. CONCLUSION 
A numerical model to simulate the mechanical response of 

RC structures on meso-scale level of concrete composite is 
proposed in the current study.  In this method, the RBSM and 
the beam elements are combined to represent the concrete 
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composite material and the steel reinforcement respectively. 
In addition, one kind of zero-size link element is adopted to 
simulate the bond slip relationship between concrete and 
steel bars.  

By simulating the failure process of RC members under 
tensile and bending load, the following conclusions can be 
drawn: 
1)  On meso-scale, concrete is considered as composing of 

coarse aggregate, mortar and the interfacial transition 
zone between the aggregates and mortar in terms of the 
mechanical properties of each phase and the cracking 
potential among these components. The method of 
including reinforcement into concrete model is practical 
to describe the role of strengthening effect of steel bars 
and the interaction between concrete and steel. 

2) The model can successfully simulate the fracture process 
of concrete and the distribution of cracks, as well as the 
load-deformation relationships. It is shown that the 
numerical results are in good agreement with the 
experimental observations in terms of the failure mode 
and the load-deformation curves. 
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