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A Comparison between Thermal Buckling Solutions of
Power-Law, Sigmoid, Exponential FGM Circular Plates

A. R. Khorshidv and M. R. Eslami

Abstract—In this paper, buckling of elastic, circular plates
made of functionally graded material subjected to thermal
loading have been investigated. Boundary condition of the plate
as immovable clamped edge is considered. The material
properties of the FG plates except poisson’s ratios are assumed
to vary continuously throughout the thickness direction
according to the volume fraction of constituents defined by
power-law, sigmoid, and exponential function. The Nonlinear
equilibrium equations are derived based on the classical plate
theory using variational formulations. Linear stability
equations are used to obtain the critical buckling of solid FG
circular plate under thermal load as uniform temperature rise,
linear and nonlinear temperature distribution through the
thickness. The effects of P-, S-, E-FGM on buckling of plate are
compared. The results are validated with the known data in the
literature.

Index Terms—Classical plate theory, thermal buckling,
functionally graded material.

I. INTRODUCTION

Many studies are reported on buckling and bending
behavior of FGM structures. Reddy and Khdeir [1] studied
the buckling and free-vibration behavior of cross-ply
rectangular composite laminated plates using the classical,
first order, and third order plate theories under various types
of boundary conditions. Exact analytical solutions as well as
finite element numerical solutions were developed in their
studies. Axisymmetric bending of functionally graded
circular and annular plates is studied by Reddy et al. [2].
They presented the solutions for deflections and force and
moment resultants based on the first-order plate theory in
terms of those obtained using the classical plate theory. The
buckling analysis of circular orthotropic and FGM plates
under thermal loads is given by Najafizadeh, and Eslami
[3]-[4]. Khorshidvand et al. [5] presented buckling analysis
of circular FGM plate integrated with piezoelectric layers
subjected to three kinds of thermal loadings based on
classical plate theory. Saidi and Hasani Baferani [6] studied
the thermal buckling analysis of moderately thick
functionally graded annular sector plate based on the first
order deformation plate theory by using the equilibrium and
stability equation.

Khorshidvand et al. [7] presented the thermal and
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mechanical stability problem of circular hybrid FGM plates
based on first order shear deformation plate theory and
derived closed-form solutions for critical buckling
temperatures of perfect piezoelectric functionally graded
plates, which are subjected to thermal and mechanical
loadings and applied constant voltage.

The present paper deals with determination of the stability
problem and presents closed-form solutions for critical
buckling temperature of P-, S-, E-FGM circular plate, which
are subjected to three kinds of thermal loading. Clamped
edge boundary condition is assumed for the plate.

II. PROCEDURE FOR PAPER SUBMISSION

Consider a uniform thin circular plate made of FGM, as
shown in Fig. 1. To extract formulations, a cylindrical
coordinate system is taken in the center of plate’s middle
plane. The FGM profile across the thickness direction of the
plate, made of ceramic and metal constituent materials, may
be assumed to follow a function form as P-FGM plates as

Pr(z) =P, + Prpy G (1)
The value of n, power law index, equal to zero represents a
fully ceramic plate. Two power law functions S-FGM plates

as

) = Py, + Pr, (g (FE"T for

0<z<h/2

Prz) = P, + Pr, [y (PBET for

—h2<z<0 (2)

and exponential function E-FGM plates

Prz) — AExp[B(%)], a=rr,, B=ta(erfrr) (3)

where pr,pr., pry,, denote any material property of the FGM,

metal, and ceramic; such as the modulus of elasticity E and
the coefficient of thermal expansion ¢ . Note that the
volume fraction of the ceramic is high near the top surface of
the plate, and that of metal is high near the bottom surface.
The relations (1), (2) and (3) indicate that the top surface of
the plate (z = A/2) is ceramic-rich whereas the bottom surface
(z = —h/2) of the plate is metal-rich. Generally, Poisson’s
ratio is assumed constant across the plate thickness.

The material properties are assumed to be independent of
temperature, and the stress and strain relations are linear. The
constitutive relations of functionally graded materials in
thermal environment for the plane-stress condition are
written as

0y = E(2)(e)y +vEgy) [(1— vz) — E(2)a(2)T(z)/(1—v) (4)
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ogg = E(2)egy +vey) (1 U2) —E(2)a(2)T(2)/(1—v) (5)

0,9 =E(@)/(1+v)e, (6)

z

Ceramic

P-FGM

Metal X

Fig. 1. Geometry of FG circular plate

The plate is assumed to be comparatively thin, and
according to the Love-Kirchhoff assumptions, shear
deformations normal to the plate are disregarded. Using the
classical plate theory (CPT), strain components at distance z
from the middle plane are given in matrix form as [8]

1 2
u’r+§(w’r) “Worr
o 11,11 1 1
o (= ;v’9+;u+§(;w’9) +z —(;wjr-&-r—zw’%)
7ro 1 1 1 2 1 1
T Lttt 0t
0 1
{-::5( )+Z€() @)

where a comma in subscript indicates partial differentiation
and where &, g0 > and 7.9 are the normal and shear

strain components along the r-, & — respectively. The stress
components in plane-stress condition in the plate (superscript
h) are written as following

h

P Oy Qll Q12 0 gp—a(2)T(2) (8)
o =10 =|Q1 %2 O |jep 0T
79 0 0 Oy 7r0
where the plane-stress-reduced stiffness are defined as
01=05 =" 0,=0,=0, ou=5100; O

1—v 2(14-v)

The total potential energy for FG circular plate can be
written as follows

1

[0 G- C@T@) 40y (p- € @T@+ (1)
2

ZU’},’Qerg rdzd6dr

h
Ut=o/JJ
rfz

Considering relations (4) to (9) and substituting them into
relation (10) and integrating with respect to z, the total
potential energy is obtained. Applying the Euler equations

for total functional of U in Eq. (10), equilibrium equations
yield [8]

1
Ny £ Ngwg = Mpg) G Nogwp +Npgw.r

2 1
M) gt UMpp) e + M) 19 + (G Mg) gg =0

1

re,r + 7(

1
N Npr =Nog) + 5 Npgp =0

192

2

I
7N+ Nogg + Npgp =0 (1)

The stability equations of the circular plate are derived
using the adjacent equilibrium criterion. We assumeu, , v,

and w as the displacement components of the equilibrium

E and w)
corresponding to a neighboring state. The displacement
components and then the linear incremental stress resultants

are

state and wo, v as the virtual displacements

u:u0+ul v:v0+v1 w=w0+w1

Nrr = NVVO +N

1 My =Mpg+ M,

Ngg = Nogo + Nog1 Moy = Mpgo +Mpgy

Nyo = Nrgo T N1 Myg =Mygo + My (12)

Substituting relations (12) in Egs. (11) and collecting the
second order terms, the stability equations are obtained as

!
N T Ngig = Mg - + G- Nogiwig + Negiwr

2 1
T Mg g M) e+ CMgp) g+ G Mpgp) gg =0

1 1
Nrrl,r +7(Nrr1 - N001)+7Nr01,0 =0

(13)

2 1
N1 T Nogro t Vg1, =0

The force and moment resultants of plate are expressed in
terms of the stress components through the thickness as
follow

T

W ={Ny Mgy N} =it
T

{M}:{Mrr Mg Mre} :ffﬁz{lf}hzdz (14)

Stress resultants can be simplified in the matrix form as

{{N}}: [4] [B] {e(o)}[w(’ ’}] (15)
M} (8] [P]]|.(M) (M
where

(4B, D) = fZQl-j(z)(l,z,zz)dz (i,j=123)  (16)

Here {N'"}, {M"} are the stress resultants due to the

applied temperature field on the plate, and they can be
computed as

T )}FGM:{E4/(1—U) E4/(1-v) 0!

{M(T )} Fom = {Es/(1=v)  Eg/(1-v) ol a7

where
Ey =", a@E@ATd: , Es=["? za()E(z)ATdz
(18)

Here polar symmetry condition is considered. Thus, for
this case of discussion the first and second of stability
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equations (13), based on the displacement components, lead
to

" ' * " "

*_4 1 2 1 1

E3V w +N,.ow +57Nggowy +Ex(—up — 51 +r7u1 —Ful):o
% n 1 1 1 £ m 1 " 1 1
Ey (uy 45 = —yu) +Ey(-w —gwp + -3 wp)=0(19)

* % % .
where E1 . E2, E3 are given as

Ey) =11-v%)[ M2 1z22E@d  (20)

& *

(E),E,,

Referring to Egs. (15), using the membrane plate theory,
the prebuckling forces are obtained as

( ) (]
70 Nggo = ~Nogo

21)

N

rr0:7

Thus, the set of coupled stability equations must be solved.
For clamped and immovable edge in r- direction, the
boundary conditions are expressed as [9]

u(r=0)=0, w(r=0)= finite
uy(r = a) = wy(r = a) = w, (r = a) = 0 (22)
The solution of Egs. (19) is assumed in the form
Uy (r) = A1 ) + Ay ) + Ay (1 r) + Ayr
Wy () = ATy ) + Ag¥y (Ar) + A Lnr + Ag (23)

where J, , J and YO, Y are the Bessel functions of first,

1

zero order, and first and second kinds, respectively. Also, 4
to Ag are the integration constants. Using the first and
A2=A3=A6=A7=0 .
Satisfying the third boundary condition of Egs. (22),

second boundary conditions yields

Ay =0, dg=—JyO)As. —J;(Aa)=0 (24)

Thus, the smallest root is Aa = 3.83. It is seen that for the
clamped edge

uy(r) = 40,00 Wy (1) = A5 (Jo () — Jg(Aa)) - (25)

Substituting the expressions (25) into (23), two linear
homogeneous equations are obtained as

2 % 3 %
“NTE| 4 — N EyAs =0
3 ¥ 4,5 \20(T)
NEya 3 - 32N 14g = 0 (26)
For a nontrivial solution of these equations, the

determinant of coefficient must be set to zero and when the
temperature distribution of the plate is a function of thickness
direction only, A is constant and yields.

N

rrO

2 _

A IEy — B2 1E) ] 27

Now, for the case of uniform temperature rise, consider a
plate at temperature 70, the temperature may be raised to 7r
where the plate buckles. In such a case, using Eq. (27) and

193

taking relation (28) the critical buckling temperature A7, i

expressed in the form

AT, = (- o) (B, — Ey2 1 E )10, (28)

where

1 (29)

1 1
Ql = [amEm +m(amEcm +acm m)+ (2’1+]) ‘em Lm

AT, =T r- T}y . For thin circular plates, the temperature

distribution may be assumed linear through the thickness of
the plate as

T(z)=AT(z+h/2)/h+T, (30)

Consider temperature 7y at top side of the plate and 7, at

the bottom side. The critical value of temperature difference
is calculated to be

e
AT, = F#Q;T))QES{ (11—1!5—0—)\ (53—52 /El)} (3D
where
0, = [ za(2)E(2)dz (32)
z

To calculate the critical buckling temperature for the case
of gradient through the thickness of plate, the
one-dimensional equation of heat conduction in the z
direction must be solved. The heat conduction equation for
the steady state one-dimensional case, in the absence of heat
generation, becomes

4 k=Y (33)

) =0
Temperature boundary conditions at the top and bottom
surfaces of the plate are

1, (34)

h
=1, , T-%
The solution of the heat conduction equation along with
the thermal boundary conditions is obtained via the

power-series solution as

N (- cm)l(zJr )m+l
1
T(z) =T, + (T, — T, = OmJ;v (3%
3 Lo Remy
i:Om_H Km

where N is the number of expanded terms and should be
chosen to assure the convergence of the solution.
Hence the critical temperature difference is

2% R
ATy = (= 0Ty = T)Q + A" (B3 — By 1B}/ 0y (36)
in which
Q3 = {Em m; m( [gn’;,l

N 1 Kem i 37
+(Emam+Emacm)i§Om(* KC’: ! ( )

N 1 Kem i

+Ecm%’"i:o(in+1)(in+2n+2)( Igr’: N
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TABLE I: MATERIAL PROPERTIES OF PLATE

Metal: Aluminium Ceramic: Alumina

E,, =70GPa E, = 380GPa

mpy = 66060 m, = 205000

o, =23.0e—6 a, =T4e—6
v=203 r=203

H=oo

(full metal)

n=02(P —FGM)

0.06 0.08

Boamsmm
v (mm/mm)

0.02

0.04

Fig. 2. Buckling temperature versus h/a for a P-,S-,E-FGM circular clamped
plate under uniform temperature rise.

III. RESULTS AND DISCUSSION

In the following, the axisymmetric stability and thermal
buckling loads of an FG circular plate subjected to uniform
temperature rise is derived and summarized in the preceding
section. To validate the formulations of the present article,
thermal buckling loads of the circular plate are compared
with those obtained by Najafizadeh and Eslami [2] for
isotropic plate. It is clear that from Eq. (27), taking PFGM
circular plate, the same results is obtained for the
homogeneous isotropic full ceramic circular plate. The
results are obtained that are identical to those reported as in
[2]. Now, consider an FGM circular plate. The material
properties of metal (Aluminium), and ceramic (Alumina)
constituents are given in Table 1. For this example the results
for thermal buckling loads is plotted in Fig. 2. Fig. 2
represents the critical buckling temperature versus h/a for a
P-, S-, E-FGM clamped circular plate under uniform
temperature rise. The mechanical boundary condition at the
edge of the plate is assumed to be clamped supported. Here,
the effect of FGM models and volume fraction index on
thermal bucking temperature of plate can be seen.

IV. CONCLUSION

In the present article, the buckling analysis of FG circular
plate is derived based on classical plate theory with the
assumption of power law, Sigmoid, Exponential composition
for the constituent materials. Boundary condition of the plate
is taken to be clamped. Plate is subjected to uniform
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temperature rise, linear and nonlinear temperature
distribution through the thickness. The thermal buckling
capacity of circular plates as closed-form solution is
presented.

It is concluded that:

1) The equilibrium and stability equations are identical for
P-, S-, E-FGM plates.

2) The critical buckling temperature is reduced when
volume fraction index increases, as the plate becomes
more metal-rich.

3) A comparison between thermal buckling curves of

power-law, sigmoid, exponential FGM circular plates in
uniform temperature rise, indicate that for a certain value
of h/a thermal buckling capacity of circular plate made
of P-FGM is better than S-FGM.
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